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1 Introduction 

The first step in studying q-analogues of irreducible bounded symmetric domains was 
made in ||19|| . This work considers the simplest among those q-analogues, the quan- 



tum matrix balls. In this special case, we present here the proofs of the main results 



formulated in [18], |19 |, and produce, in particular, an explicit formula for the positive 
invariant integral, and thus prove its existence. 

The initial six sections of this work use C(g 1 / S )as the ground field, the field of 
rational function of a single indeterminate q 1 ^, with s being some natural number. 
The subsequent sections already assume q to be a number q e (0, 1), and use C as a 
ground field. 

We assume a knowledge of the basic notions of quantum group theory ||, and, 
in particular, the notion of a universal R-matrix introduced by V. Drinfeld. Some of 
the general properties of a universal R-matrix to be alluded below, could be easily 
deduced from the explicit formula for R. This very well known multiplicative formula 
for a universal R-matrix is presented in Appendix 1. 



2 The covariant algebra CfMat 



J mn\ q 

Recall the definition of the quantum universal enveloping algebra U q sIn, introduced by 
V. Drinfeld and M. Jimbo. Let (ciij)i,j=i J ...,N-i be the Cartan matrix given by 

r 2 , i-j=o 

Oij = \ "I > K-j| = l • (2.1) 
[ , otherwise 

The algebra U q slN is determined by the generators E^, Ki, , i — 1, . . . , N— 1, 
and the relations 
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K i K j = K j K i , KiK^ 1 =K~ 1 K i = l, K i E j = q a ^E J K t , K,I) q "/)/Y, 

E{Fj - FjEi = 5 tJ (K t - Kj l )/{q - q' 1 ) 
E%Ej - (q + q-^EiEjEi + EjEf = 0, \i-j\ = l (2.2) 
FfF j - (q + q-^FiFjFi + F 3 F? = 0, = 1 

[E i ,E j ] = [F i ,F j } = 0, 

The comultiplication A, the antipode S, and the counit s are determined by 

A(Ei) = Ei®l + Ki®Ei, A(Fj) = F, ® i^r 1 + 1 ® F,, A(fQ) = ® fQ, (2.3) 

S(E^) = -Kr 1 E i , S(F l ) = -F l K l , S(K { ) = Kr\ (2.4) 
e(£0 = = 0, e(Ki) = l. 
We consider in the sequel only [/gSt^-modules of the form V = with 

/i = (/xi, . . . , /ijv— i)j = {w 6 F| KjU = g M4 t>, z = 1, . . . , JV — 1}. This agreement 
allows one to introduce the linear operators ii/j, Xf, j — 1, . . . , iV — 1, by setting up 

H jV = fi jV , veV^ E 3 =X+q^ H \ Fj = q-* H 'XJ. (2.5) 

Note that the classical universal enveloping algebra can be derived from U q slN via 
the substitution 

q = e~ h l\ Ki = e-W* (2.6) 

and the subsequent passage to a limit as h — > 0. 

Turn to a construction of q-analogue of the matrix space Mat mri , m, n G N. Every- 
where in the sequel N = m + n. We follow |19| in equipping all the L^s^-modules with 
the grading degf = j H v = 2jv, where 

/ n— 1 m— 1 

I m 

(The coefficients in the latter identity are chosen so that [H ,X±] = ±2X±, [H ,Xp] = 
for j ^ n.) 

In what follows Vk will stand for the homogeneous components of a graded vector 
space V, and V* for the dual graded vector space: (V*)_k — iYk)* ■ 
Remind some notions of the theory of Hopf algebras || . 

Let A be a Hopf algebra and F an algebra equipped also by a structure of A-module. 
F is said to be an A-module (covariant) algebra if the multiplication F ® F — > F, 
fi <8> /2 l— ► /1/2, is a morphism of A-modules. In the case of a unital algebra F, an 
additional assumption is introduced that the embedding C <^-> F, 1 1— > 1, is a morphism 
of A-modules. A duality argument allows one also to introduce a notion of A op -module 
(covariant) coalgebra . 

The notion of a covariant (bi-) module over a covariant algebra and a covariant 
(bi- )comodule over a covariant coalgebra are introduced in a similar way. 



H ° = ~ — ( m 51 3 H i + n Yl J H N-j + mnH n ] . 
3=1 3 1 
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Let A = 
module V. 



= (Ai, 
(A) . 



Ajv_i) G Z N 1 , Aj > for j 7^ n. Consider a generalized Verma 
module with a single generator f_(A) and the relations 

(A), i = 1, . . . , N - 1, F/' + V(A) = 0, n. 



It is a UqSIn 



q ±Xi V- 



E i V-.(\) = Q,K? 1 v4\) 

The [/gStAT-module VL (0) will be equipped with a structure of covariant coalgebra: 
A_ : V-(0) i — ► v_(0)®v_(Q), and the L^sljv-module V_(A) with a structure of a covariant 
bicomodule: A^ : u_(A) i-> v_(0) ® u_(A); A fi : u_(A) i-> «_(A) ® «-(0). 

In our work JOJ, a dual algebra C[Mat mn ] 9 to covariant coalgebra VI (0) was con- 
sidered, together with covariant bimodules dual to bicomodules V_(A). (Actually the 
notation C[fl_i] 9 was implicit in [Tj| instead of C[Mat mn ] g , since the exposition of that 



work was not restricted to the special case of matrix balls) . 

The principal purpose of this section is to describe C[Mat 
and relations. 



mn\q 



in terms of generators 



Consider the Hopf subalgebra U q sl n C 



generated by Fj, K, 



1,2, 



UgSl N 

C UgSljsr generated by i? n 



±i 



IP 



n — 1, and the Hopf subalgebra C/ g st 
z = 1, 2, . . . , to — 1. It follows from the definitions that the homogeneous component 
C[Mat TO „] ?) i = {/ G C[Mat mn ] g | deg/ = 1} is a U q sl n Cg) {7 9 s[ m -module. Prove that this 
module splits into the tensor product of a U q sl n -modu\e related to the vector represen- 
module related to the covector representation. 

-module V, determined in the bases 



tation and a U q si 



Consider the U q sl r , 



{U a }a= 



{V a }c 



-module U and the U q sl n 



=i, 



by 



X?u a 



u a _i , a = i + 1 
, otherwise ' 



,a-l 



a = m — z + 1 
otherwise 




HiU a 



a = i 

otherwise ' 
a = i 

a = i + 1 ; 
otherwise 



,o+l 



a 



to 



y , otherwise 

v a , a = to — i 

—v a , a = to — z + 1 

, otherwise 



Proposition 2.1 There exists a unique collection {^a} a =i,...,n;a=i,...,m; of elements of 
C[Mat mn ] ?) i snc/i t/ie map z : u a <8> i> Q i— » a = 1, . . . , n; a = 1, . . . , to admits an 
extension up to an isomorphism of U q si n (g> U q sl m -modules i : U ®V ^ C[Mat mn ] gj i 7 
andF n z™ = a 1 ' 2 . 

Proof. Consider the maximum length elements for the permutation group SV and 
for its subgroup S n x S m 

w = (N, N- 1,..., 2,1), w' = (n,n-l,...,l,N,N-l,...,n + l). 

Impose the notation M = N(N - l)/2, M' = M - mn, sj = {j,j + 1). Let 
wo = s^Sjj . . . Sj M be such a reduced decomposition for wo that s^s^ . . . Si , = w' Q . 
Consider the Hopf subalgebra U q y\- C U q sIn generated by {i^}j=i,...,jv-i) and the 
base ^Fp™ Fp M _ i . . . F^ 

}fc k ez in the V6Ctor SpaCe Uq<n ~ associated to the above 

reduced decomposition. 
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The reader is referred to the Appendix 1 for a description of this base, together with 
the associated base of the graded vector space VL(0): {Fp^pM-i . . . F%£' + *V-(0)}, 
with (fcfcf'+ij • • • ) &m) £ Z™ n . Hence, the dimensionalities of the weight subspaces 

are just the same as in the classical (q = 1) case. In particular, 

dim V_(0)_ fe d ^ f dirndl H v = -2kv} = [ mU + * ~ 1 ). (2.7) 



Note that dim^/_(0)_i = mn, and v' = F n V-(0) is a non-zero primitive vector: 

!—2v' , j — n 
v' , \j-n\ = l , j = l,...,iV-l. 
, b'-n|>l 

Hence, the U q sl n (g> f/ g 5t m -module C/ ® V is isomorphic to the U q sl n <8> t/ 9 sl m -module 
(V_(0)_i)* ~ C[Mat mn ] g l . Of course, the isomorphism i : U ® V" — > C[Mat TOn ] ?) i is 
unique up to a multiple from the ground field, and the elements z% = i(u a (g) t> a ), 
a = l,...,n, a = 1, ...,m, satisfy all the requirements of our proposition, except, 
possibly, the last property F n z™ = q 1 ^ 2 . One can readily choose the above multiple in 
the definition of i, which provides this property unless F n z™ = 0. In the latter case one 
has F n (E^E^ . . . E^z™) = for all i±, . . . , i\ different from n and all ki, k 2 , . . . , k\ G Z + . 
Hence F n C[Mat mn ] g ,i = 0, and thus F n V-{0) = 0. That is, dimV_(0) = 1. On the 
other hand, it follows from ( [2.7]) that dimV_(0) = oo. This contradiction shows that 
F n z™ ^ 0. □ 

Proposition 2.2 z®, a = 1, . . . , n, a = 1, . . . , m, generate the algebra C[Mat mn ] 9 . 

Proof. By a virtue of (|2.7|), it suffices to prove that for all k G Z + , one can 

j linear independent vectors among the monomials z^ z^ . . . z%£ G 

C[Mat mn ]g 5 fc. An application of the standard argument (see J7|, chapter 5]) reduces this 
statement to its classical analogue. 

Consider the ring A = Clq 1 ^, q^ 1 ^] and the A-algebra Ua generated by the elements 

E u F u Kf 1 , Li = Ki 2 K -\ ■ This is a Hopf algebra: A (Li) = U <g> K { + K' 1 ® L h 

S(Li) = -L h e{Li) = 0, i = 1,. . ., N- 1. Let V A = U A V-(0), and F A C C[Mat mn ] 9 
be the minimal A-module which contains all the monomials z°' 1 z°' 2 . . . z^ k . It follows 

ai a2 afe 



from the definitions that the value of a linear functional z% on a vector t> G is in A. 
Hence, a similar statement is also valid for all the monomials z%*z%£ . . . z^, k G Z+, 
and thus for all / G Fa- By means of a specialization g = 1 we get (see |7|, chapter 5], 
I): 

f ^ c >« « ^ c &M'''''4' 

What remains is to apply the non-degeneracy of the natural pairing for the graded 

and the fact that the dimensionalities of 



vector spaces C[z{, . . . , z™], C 



d d 



the corresponding homogeneous components are in both cases f mn ~h M. □ 
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Proposition 2.3 



Z al Z al - V Z al Z al = °> <2l = «2 & "l < «2 Or di < a 2 & «1 = CK 2 , 

(2.8) 

CC-«=°. «i<«2 & ai>a 2 , (2.9) 
= «i<«a & «i<a 2 . (2.10) 



Proof. The validity of fl2.8|) - ( [2.10|) follows from their validity at the 'classical limit 



q = V and the U q sl n ® {7 9 s[ m -invariance of the associated subspace in CfMatmn]^. Let 
M = C[Mat mn ] gjl and M4 C M be the A-module generated by {z%}, a = 1, . . . ,n, 
a — 1, ... ,m. Remind that M is a module over the Hopf algebra U q sl n <S> U q sl m . By a 
virtue of proposition |2.1] , the vector space M® 2 admits a decomposition as a sum of four 
simple pairwise non-isomorphic U q si n (8)U q sl m -modu\es. A similar decomposition is also 
valid for Ma® Ma, where a specialization at q = 1 leads to four pairwise non-isomorphic 
Usl n g) ?7s[ m -modules. By misuse of language, one can say that each submodule of the 
U q sl n <S> U q sl m -modu\e M 02 is unambiguously determined by its specialization at q — 1. 
Consider two such sub modules. The first U q si n £g> U q sl m -sub module is the kernel of 
the multiplication operator C[Mat mri ]® 2 — > C[Mat mn ] gj2 , /i ® /a | — ^ /i/2- Another 
C/ ? sI n ® [7qS[ m -submodule is the linear span of the elements given by the left hand sides 
of Q2.8|) - (|2.10| ). Their specializations at q — 1 coincide, and hence the U q sl n ® U q sl m - 



submodules themselves are the same. □ 



Proposition 2.4 The relation list j\2.8j ) - ( \2.1Q ) is complete. 



Proof. Consider a graded unital algebra F determined by degree 1 generators {tt„}, 
= 1, . . . , n, a = 1, . . . , m, and the relations (|2.8|) - (|2.10| ) with the letter 'z' being 



replaced by the latter 'u'. It is an easy exercise to compute the dimensionalities of the 
homogeneous components F^ — {/ G F\ deg / = k}. Specifically, 

th\ ( inn + k — 1 \ . 
dimF (fc) =l I. (2.11) 

By a virtue of proposition |27|, the map u% i— > , a = 1, . . . , n, a = 1, . . . , m, admits 



an extension up to a homomorphism F — > C[Mat mn ] g . It follows from proposition ^]2 



that this homomorphism is onto. What remains is to apply the relations (277), ( 2.11 ) 



to establish the coincidence of the dimensionalities of the graded components: 

dimC[Mat m „] gjfc = dimF (fc) , G Z + . □ 



To conclude, note that the commutation relations ( f2.8| ) - ( |2.10| ) were used in a 
different context by a large number of authors H. 
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3 Differential calculus 



With (TP| as a background, we describe a differential calculus on the quantum space 
of matrices. An advantage of our approach is that it discovers an additional surprising 
symmetry of the standard bicovariant differential calculus on this quantum space [18 . 
Consider the vector v' = F n v_(0). It follows from the definitions that 

E jV ' = 0, Hjv' = -a jn v', j = l,...,N-l, (3.1) 

ppm+y = o, i^ n . (3.2) 

Here (a y -) is a Cartan matrix ( |2.1| ). Now ( |3.1| ), ( |3.2j ) imply 

Proposition 3.1 Consider the UqSin -module VL(A') with the highest weight X' = 
(—ai n ,—a2n,---,—0'N-i,n)- The map f-(A') i— > F n t>_(0) admits a unique extension 
up to a morphism 5_ : VI (A') — ► V_(0) of U q si^ -modules. 

The graded vector space A (Mat TO „) 3 dual to VL(A') is a covariant bimodule over 
C[Mat mn ] g . The adjoint to <5_ operator d : C[Mat TO „] 9 — > A 1 (Mat mn ) (? is called a 
differential. It follows from the definitions (see |T9(1) that 

rrriMof 



d(/i/ 2 ) = d/i • /a + A • #2, /i, /a G C[Mat 



Describe the <C[Mat mn ] g -bimodule A (Mat m „) g in terms of generators and relations. 
Remind that degcu = j H u = 2ju. Let A (Mat mn ) g i = {u G A (Mat m „)g| degcu = 

!}• 

Lemma 3.2 dz®, a = l,...,m, a = l,...,n, constitute a base of the vector space 
A 1 (Mat mn ) g> i. 

Proof. Since z%, a = 1, . . . , m, a = 1, . . . , n, form a base of the vector space 
C[Mat mj J 5) i, it suffices to prove that the linear map 

d : C[Mat mn ] ?j i -> f\ (Mat mn ) g ,i 

is one-to-one. Consider the adjoint linear operator 

<*_: V_(A')-i^V_(0)_ 1 . 

It follows from the definition of the U q sljq- module VL(A') that the U q sl n ®U q sl m -mod\Ae 
V_(A')_i is simple. One can easily deduce from proposition Al.2 that it is determined by 
the same relations as the U q s\ n ®U q s[ m - module U*®V*. It was also shown in proposition 
[2~2] that the U q sl n ® U q sl m -modu\e V_(0)_i is simple as well. On the other hand, 
S— | v_(a')_i is a non-zero morphism of U q sl n ® U q sl m - modules: 5-V-(X') = F n V-(0) ^ 0. 
Hence the restrictions of <5_ and d onto the corresponding homogeneous components 
are one-to-one. □ 
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Lemma 3.3 The C[Ma,t mn ] q -bimodule f\ (Ma,t mn ) q is a free left C[Mat mn ] q -module: 

m n 

f\ (Mat mn ) 9 = 00C[Mat mn ],^, 

ct=l a=l 

and a free right C[Mat mn ] q -module: 

m n 

A (Mat w „) g = 00<C[Mag,. 

a=l a=l 

Proof. We are about to prove that the maps 

C[Mat mn ], <g> /\ (Mat m „) ?jl -> /\ (Mat mn ) 9 , f fu, 

[\ (Matron),,! ® C[Mat m „], -> /\ (Mat TO „)„ uj® f ^ujf 

are one-to-one. Their injectivity can be easily derived from a similar result in the case 
g = 1 (cf. the proof of proposition [2.2|) . What remains is to use the coincidence of the 
dimensionalities of homogeneous components of the graded vector spaces A (Mat m „),, 
C[Mat mn ],<g) A (Mat mn ) gjl , A 1 (Mat mn ) gjl (S>C[Mat mn ] 9 . (The dimensionalities of homo- 
geneous components C[Mat mn ],,A;, k G Z + , were computed before using a basis in V-(0) 
formed by homogeneous elements. The dimensionalities of homogeneous components of 
A (Mat mn ), could be found in a similar way: a basis in V-(X') could be constructed via 
an application of an appropriate reduced decomposition of the complete permutation 
wo G Sn, together with the associated basis in U q sljsf (see Appendix 1).) □ 

Of course, the covariant C[Mat mn ] q -bimodule A (Mat mn ), is not free. The elements 
dz% are its generators. Find a complete list of relations. 

Let U q s?x be the Hopf algebra which differs from U q s[^ by a replacement of its 
comultiplication A with an opposite one A op . The structure of a C[Mat mn ] g -bimodule 
A (Mat mn ), has been defined in |19| via an application of a duality argument and the 

q* l N ■ 



following morphisms in the category of modules over the Hopf algebra U q st° p - 



A_ : VI (A') -> VI (0) ® V-(\y, A_ : v_(\') i-> u_(0) ® u_(A'); 

A fi : VL(A') -> VL(A') ® 7_(0); A K : u_(A') ^ u_(A') ® i>_(0). 

Let P : VI (A') <g> VL(0) -> VI (0) <g> VI (A') be the ordinary flip of tensor multiples: 
P{v'®v") =v"®v'. Define an operator flvL (A /)vL(o) : VL(A') ® VI (0) -»• VL(0) ®VL(A') 
via the universal R-matrix (see Appendix 1) by Ry_{X) v_(o) = ^V-(o)V-(A')-P- 

Lemma 3.4 ^(AOV-fo)^ = A^. 

Proof. It is well known that the operator P ■ Rv-{\')V-{o) is a morphism in the 
category of f/qSlAr-modules. Hence, the operator Rv-(o)V-(\')P is a morphism in the 
category of U q sl°^-modu\es. What remains is to apply the identity Rv-(\')V-(o) v -(X') <g> 
w_(0) = f_(0) ® w_(A'), which follows from the property (Al.6) of the universal R- 
matrix. □ 
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The universal R-matrix satisfies the identity S <8> S(R) = R, with S being the 
antipode of the Hopf algebra in question (see [|J). Hence, the adjoint to Rv-(\')V-(o) 
operator is of the form 

Rc[Mat mn ] q A^Matmn), = -P-Rc[Mat m „] 9 A 1 (Mat m „), (3-3) 

with P : C[Mat mn ] g ® A 1 (Mat mn ) g — > A 1 (Mat mn ) g (g> CfMatmnj^ being the ordinary flip 
of tensor multiples. 



Corollary 3.5 For all a, (3 — 1, . . . , m, a, b — 1, . . . , n, 

4 dz a = m R PR C[Matmn]q A l(MaW) 9 0f ® dz a ), (3-4) 

with m R : A 1 (Mat mn ) g <g> C[Mat mn ] g -> A x (Mat mn )g, m R : u <g> / i-> a;/ . 



Proof. It suffices to pass in the statement of lemma [374] to dual graded vector 
spaces and to adjoint operators. □ 

Simplify (|37J) by computing R C [Mzt mn ] q ^{M^ mn ) q { z b ® dz a) via an application of the 
multiplicative formula for the universal R-matrix. 



Lemma 3.6 Hq is orthogonal to all the vectors Hj, j ^ n, with respect to the bilinear 
invariant scalar product {Hi, Hj) = a^, i,j = 1, . . . , N-l. 



Proof. The invariant scalar product (H Q ,Hj) is given by tr TTi(H )-Ki(Hj), with 7i"i 
being the vector representation of the Lie algebra sIn- What remains is to compute 
this trace using the standard basis {cj)^ =1 and the relation 



ir 1 (H Q )e j 



men 



m + n -nej 



j <n 
j > n 



□ 



Consider the U q sl n 



[/g5[ m -modules V 



C[Mat 



mn\q,li 



L" = A 1 (Mat 



(the 

homogeneous components of the graded vector spaces C[Mat mn ] 9 , A 1 (Mat mn ) g ). Let 
Rul" stand for the linear operator in L' ®L" determined by the action of the universal 
R-matrix of the Hopf algebra U q 5i n ® U q sl m ^\ 



mn)q,l 



Lemma 3.7 For all a, (3 = 1, . . . ,m, a, b — 1, . . . , n, 

#C[Mat m „],Ai(Mat mn ),(^ ® dz%) = COHSt • R V V'iA ® dz a), 

with const being independent of a, b, a, (5. 

1 This universal R-matrix is a tensor product of the universal R-matrices (A 1.6) for U q sl„ and U q 5 1„ 



(3.5) 
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Proof. Apply to both sides of (|3.5| ) the multiplicative formula for the universal 
R-matrix (Al.6). The 'redundant' exponential multiples in the left hand side of the 
resulting identity can be omitted since 

exp 92 ((g- 1 - q)E p . ® F p .)zg ® dz a a = zg ® dz a a 

£ n a 1 71 ■ "Tifm — 1) , n(n — 1) TTrl , . . 
tor all a, p — 1, . . . , m, a, o = 1, . . . , n, j > — ^-y "I — ■ What remains is to 

compare the multiple q~ t<] related to the Hopf algebra U q s[n to a similar multiple related 

to the Hopf subalgebra U q sl n <g> U q sl m . It follows from lemma [T6] and the description of 

to in terms of the orthogonal basis of the Cartan subalgebra (see Appendix 1) that their 

actions on the subspace C[Mat OTTl ] 9j i <S> A 1 (Mat mn ) 9i i differ only by a constant multiple. 

□ 



Let 



R b ' a ' 



K VV f3a 



q- 1 


, a = b = a' 


= b' 








1 


, a 7^ b k 


a = 


a' 


k 


b = b' 


q- 1 - q 


, a < b k 


a = 


b' 


k 


b = a' 





, otherwise 










T 1 , 


a = P = a f 


= F 








1 


a^fi k 


a = 


a' 


k 


P = P 


q 1 - q , 


a < (3 k 


a = 


F 


k 


(3 = a' 


o 


otherwise 











Proposition 3.8 For all a, (3 = 1, . . . ,m, a, b = 1, . . . , n, 

m n ^ /3a ^ b'a' i i 

Z b = R-VV /3'a' R UU ba ^z", • Zy . 

a',/3'=l a',b'=l 

Proof. Consider the operators in U®U and V ®V determined by the actions of the 
universal R-matrices for Hopf algebras U q sl n and U q sim respectively. It is well known 
(see |j) that these operators coincide up to constant multiples with the operators 

Ruui R vv given by the matrices Ruuba ■> R-vvp'a'- Hence, by virtue of Q3.4]) , ( |3.5| ), 
and proposition |2.1| , one has 

m n f3a — b'a' i i 

z bdZa = COnsti Y Y RVV 13' a' R UU ba dz% • % . 
a',/3'=l a',b'=l 

What remains is to prove that const i = 1. This is due to 

(z™dz™,F n v„(\')) = q~ 2 (dz™ ■ z™,F n v4\')) ? 0. 

The latter relation could be easily deduced from the definitions (just as it was done in 
the special case m = n = 1 described in details in p9[). □ 

We have described an order one differential calculus on the quantum matrix space 
in terms of generators and relations. Consider the associated universal full differential 
calculus (see, for instance [jl9| ). Proposition pT8] implies 
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Corollary 3.9 



dz b dz" — — ^ ^2 R-VV i3>a> R-UU ba d>Z% ■ dz y . 
a',/3'=l a',b'=l 

The differential algebra A(Mat mn ) 9 described here in terms of generators and rela- 
tions is well known [Q . Our approach to its construction made it possible to discover a 
hidden symmetry of this differential algebra (see [18|]). While producing the covariant 
algebras C[Mat mn ] g , A(Mat m „) g , the generalized Verma modules V_(A) 3 f-(A) with 
highest weights were implemented. It was demonstrated in jl9| that, after replacing 



them by the generalized Verma modules V+(A) 3 v+(\) with lowest weights, it is possi- 
ble to produce a covariant algebra of 'antiholomorphic polynomials' and the associated 
differential algebra A(Mat mri ) q . 



4 Covariant *-algebra Pol(Mat mn ) g 

Remind |4[] that in the case of involutive algebras the definition of an A-module algebra 
includes the following compatibility axiom for involutions: 

(af)* = (S(a))*r, aeA, feF (4.1) 

Let U q su nm stand for the *-Hopf algebra {U q s[^, *) given by 

{Kj ] ~ Kj ' E i-\-K 3 F 3 , j = n ' j ~ | —EjKj 1 , j=n ' 

with j = 1, . . . , N — 1. In terms of the 'generators' Hj, Xf 1 (i. e. for operators from 
the class of ^-representations of U q su nm described in section 2) one has 

H S= H i> ( X ^* = { Jf i j jtl > 3 = 1,-, N-l. 



A standard method of quantum group theory was used in |19| to equip each of the 
spaces 

Pol(Mat mn ) g = C[Mat mn ] ? ® C[Mat mn ] 9 , fi(Mat mn ), = f\(Mat mn ) q ® /\(Mat mn ) 9 
with a structure of £/qS[ nm -module algebra (covariant algebra). The subalgebras 



C[Mat mn ], ® 1 C Pol(Mat mn )„ 1 ® C[Mat mn ], C Pol(Mat 



mnjq 



are conjugate (* : C[Mat mn ] 9 — > C[Mat mn ] g ); they are q-analogues of subalgebras of 
holomorphic and antiholomorphic polynomials respectively. 

It follows from the definitions of |19| and proposition [O] that {z"}, a — 1, ... ,m, 
a = 1, . . . , n, generate the *-algebra Pol(Mat m „) 9 , and the complete relation list consists 
of ( |2.8| ) - ( p.lO| ), together with the following R-matrix commutation relation (cf. 



[ Z b)* Z a — m -f-Rc[Mat mn ] g C[Mat mn ] q ( 2: f)* ® Z a' ( 4 - 2 ) 
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with m : Pol(Mat mn )® 2 — > Pol(Mat mn ) g , m : fi ® f 2 i— > /1/2 being the multiplication in 
Pol(Mat mn ) g , P the flip of tensor multiples, and # C [M^ mn ] q C[Mat mn ] 9 the linear operator 
in C[Mat mn ] g ® C[Mat mn ] g determined by the universal R-matrix. 

Simplify the expression R C [M^ mn ] q C[u a t mn ] q ( z b )* ® and thus the ri S nt hand side 



of (U). 

Denote by UgSUn ® £7<jSu m the subalgebra of the *-Hopf algebra f/ g su nm generated 
by F,-, if,, fGT 1 with j 7^ n. 



Now an application of proposition 2.1 makes it easy to prove the following 



Lemma 4.1 The sesquilinear form in C[Mat mn ]g,i given by (z",z^) = 5 a bd~ al3 , a,b — 
1, . . . , n, a, (3 = 1, . . . , m, is U q su n (g> U q su m -invariant: (£z%, ) = (z%, C z b) f or a ^ 

£ G UgSU n U g SU m , Q, b = 1, . . . , 71, CK, (3 = 1, . . . , 771. 



Note that (z%)*, b = l,...,n, f3 = l,...,m, form a base for the homogeneous 
component C[Mat mn ] g) _i of the graded vector space C[Mat mn ] g . 



Corollary 4.2 The linear functional fi on C[Mat m „] ?j _i ® C[Mat mn ] 9i i given by 

Hii4)* ® O = <^ Q/3 , is invariant (i. e. ((*?)* ® z%)) = e(f ® *£) / or aW 

£ G f/<j5u n ® UgSUm, a, b — 1, . . . , n ; a, /3 = 1, . . . , mj. 

Proof. Let L = C[Mat m „] 9i i. Consider the antimodule L which is still L as an 
Abelian group, but the actions of the ground field and U q su n <S> U q su m are given by 
[X,v) h- > Aw, (£, t>) i— > S(£)*v, £ G t/gSU„ ® UqSUm, v G L. It follows from lemma JO] 
that the linear functional L®L — ► C(g 1 ^ s ) corresponding to the sesquilinear form in L, 
is invariant. The relationship of an invariant integral and an invariant form is discussed, 
for example, in ||15|| . □ 

Let V = C[Mat mn ] ?) _i, L" = C[Mat mn ] gi i, and Rl>l" is the linear operator in L'®L" 
given by the action of the universal R-matrix of the Hopf algebra U q s[ n ®U q si m C UgSl^. 

Lemma 4.3 For all a,b = 1, . . . , n, a, (3 = 1, . . . , m, 

^C[Mit m „] 3 qMat m „] 3 (rf)* ® Z a) = const l ' RvV>{{4)* ® Z a) + COnSt 2 ■ 8^ , 

u>zi/i consti and const2 6emo independent of a, b, a, (3. 



Proof. Reproduce essentially the proof of lemma 3/7 to establish the existence of 
such element consti of the ground field that for all a, 6, a, (3 one has 



^C[Mat mn ] q C[Mat m „] q ((^0*® 2 a)- COnst r^L'L''((^)*®^a) ^ C[Mat mn ] ?)0 ® C[Mat mn ] g , . 



Thus we get a linear functional on C[Mat mn ] 9i _i <8> C[Mat mn ] gj i since 



dim(C[Mat mn ] 9j0 ) = dim(C[Mat TOn ] g)0 ) = 1. 
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In virtue of general properties of a universal R-matrix this linear functional belongs 
to the subspace of U q sl n <S> f/ g sl m -invariant linear functionals. This subspace is one- 
dimensional due to the simplicity of the U q si n ® £/<jS[ TO -niodule C[Mat mn ] 9) i. What 
remains is to apply corollary |4.2j . □ 

We need an explicit form of the operator Rul" ■ 

Let * : U — > U, * : V — > V, be the identical maps between the above U q sl n -modu\e 
U and L/gSl m -module V onto the associated antimodules. Let Rjju, Ry v stand for the 
operators in U®U, V ® V respectively, given by the actions of the universal R- matrices 
of the Hopf algebras U q sl n and U q sl m . 



Lemma 4.4 For all a,b = 1, . . . ,n, a, f3 — 1, . . . , m, 

R m u h ® u a = const • ( u * a ®u a -\q- 2 - 1) £ u* k ®u k , a = b > 

Rvv( v ')*®v a = const"- ^ (««)* ® _ ( g -2 _ l) £ (u fc )* ® u* , a = /3 
with const', const" being independent of a, b, a, (3. 



Proof. It suffices to prove the first identity. Consider the linear operator PRjjjj ■ 
U ®U — > U ®U , with P being the flip of tensor multiples. It follows from the general 
properties of the universal R-matrix that this operator is a morphism of f/ g s[ n -modules. 
Besides, it follows from (Al.6) that PR^u^ ® u n = const' ■ u n ® u* n since u n is the 
lowest weight vector of the U q sl n -mod\\\e U . 

On the other hand, it is well known (see, for example, pifl ) that the operators 
defined by the right hand sides of the identities in the statement of our lemma possess 
the same properties. What remains is to use the fact that each morphism of U q sl n - 
modules U ®U — > U ®U which annihilates u* n ®u n , is identically zero (this vector does 
not belong to any of the two simple components of the ?7 g s[ n -module U ® U, and hence 
it generates this module). □ 



Lemmas [4.3| , [O] allow one to deduce all the relations between (z^)*, z% up to two 



constants. These will be computed by means of the following 



Lemma 4.5 ^ C [Mit m „] 9 C[Maw] 9 (0* ® C = 9 2 (C)* ®z™ + l-q\ 

Proof. We are about to apply the explicit formula (Al.6) for the universal R- 
matrix. 

f 2C , j=n 

Prove that HjZ™ = < —z™ , \j — n\ = 1 . The two latter relations follow from 

1 , otherwise 

the definitions of z", see section 2. The first relation follows from H$z™ = 1z™\ 

2 2tt?t? 

2z™ = (-m(n - 1) - n(m - l))z™ + #«C 

m + n K K ' K " n m + n n 
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Hence z™, (z™)* are weight vectors whose weights are a n , —a n respectively. Thus, we 
have 

f («T ® = (-«n, a n )(z™)* ®z™ = -2(z™)* ® <\ 
What remains is to take into account that only q-exponent survives in (Al.6), and to 



use the detailed calculations for the case m — n — 1 given in [19]. 



□ 



Let 



R 



R 



UUba 



Pa 
VV 13' a' 



_ n 2„m( „m\ 
— q 6 n \<c n , 


* + l-q 2 . 










, a 7^ 6 & 


b = b' 


& 


a = a' 


1 


, a = b = a' 


= b' 






-(?- 2 -i; 


, a = 6 & 


a' = y 


k 


a' > a 





, otherwise 










, a^(3 & 


(3 = (3' 


& 


a = a' 


1 


, a = (3 = a' 


= F 






-Or 2 - 1) 


, a = (3 & 


a' = 13' 


& 


a' > a 





, otherwise 








a, b = 1, . . 


. ,n, a, P = 1, . 


. . ,m, 







n m 



{4)*< = f- E E *W 6 a ■Rvv^^(4T + a-q 2 )^. (4.3) 

a',b'=l a',/3'=l 



Proof. The desired commutation relation with indefinite coefficients instead of q 2 
and 1 — q 2 follows from lemmas |4.3| , |4.4[ The values of those coefficients can be found 
via an application of corollary [4.6|. □ 



An application of the operators d, d (see yields 



Corollary 4.8 For all a,b = 1, . . . ,n, a, (3 = 1, 



n m 



d{ z b)* ■ Z a — q 2 ' E E R-UUba ' R-VV P'a' Z a' ^( Z b' )*> 



a',6'=l a',P'=l 



d( z gy ■ dz: 



n m . . . 

\ Z b ) aZ a — q Z^ ^Vl/ 6a %V /3'a' ttZ a' J 5 

o',6'=l a',P'=l 



-a 2 ■ V V R- 6 ' a ' • ff- " a dz^diz^Y 

y n UUba n VV P'a' aZ a' a \ Z b' ) ■ 

a',b'=l a',P'=l 
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5 The quantum group SLn 



Remind that currently we use C(g 1,/s ), s G N, as a ground field. Later on, we shall, 
keeping the notation, pass to C as a ground field. 

Consider the Hopf algebra C[SL N ] q of regular functions on the quantum group SL N 
(see ||6|, |13|). This algebra is determined by its generators {tij}u=i jv, the commutation 



relations analogous to ( p.8|) - (|2.10|) , and the relation det g T = 1. (Here det g T is a q- 
determinant of the matrix T = (%)ij=i,,..,jv : 

det g T = ^2 (~ Q) hs(i)hs(2) ■ ■ • ^JVs(iv) , 
ses N 

with l(s) = card{(i,j)| i < j & s(i) > s(j)}). Comultiplication A, counit e, and 
antipode S are defined as follows: 

fc 

Here z, j = 1, . . . , N, and the matrix is derived from T by obliterating its j-th line 
and 2-th column. 

Just as in section 2, we consider the vector representation ~K\ of the Hopf algebra 
UgSlw and the basis {uk}k=i,...,N in the space of this representation. We also need a 
well known || non-degenerate pairing of Hopf algebras C[SLjy] q x U q s[n —> C(g 1 ^ s ) in 
which a pair «, j = 1, . . . , N, is sent to the corresponding matrix element of the 

operator tti(£). 

This pairing is used to equip C[SL N ] q with a structure of UqSl^ <8> t/ g s [Ar-module 
algebra as follows: 

((v®0f,0 = (f,s(v)O;) (s.i) 

for all / G C[SL]y} q , £,r],( £ U q sIn (see the definition of UgSt^ in section 3). 

We have described a q-analogue for the action of SLn X 5"Ltv on its homogeneous 
space SX7V 

(91,92)- g^gigg^ 1 , 9,91,92^ SL N . 

The action by 'right shifts' is crucial in what follows, so we write £/ instead of (1 <£>£)/? 
£ G C/ 3 s[at, / G C[SLjv] ? . One has: 

Y+, I ^'fc-i j A; = i + 1 y J tjfc+i , k = i 

1 ljk \ , otherwise ' A< J ' fc \ , otherwise ' 

!tjk , K — i 
-t jk , k = i + 1 . 
, otherwise 

The generators ty, i,j = 1,...,N, of C[SL N ] q are just the matrix elements of 
7Ti. We are about to introduce the notation for matrix elements of other fundamental 
representations of the quantum group SL N . Let k be a natural number which does not 
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exceed N, and consider the representation nf of UgSi^. Associate to each collection 
J of natural numbers j± < ji < ■ ■ ■ < jk < N the vector 

uj = u h A Uj 2 A ... A u jk = (-<?)' (s) «; s(1) ® u 3s ( 2) ® ■ ■ ■ ® u i*w 

s£S k 

These vectors form a basis in the space of the representation of UgSl^. The 
matrix elements of 7rf fc with respect to the basis {uj} are of the form 

- Ak def n \l(s) f . ..+....+.. (K 21 

with 7 = (z 1? i 2 , • • .,»*), 7 = (ji, j 2 , • • • , jk)- 
Consider the element 

^ = t{™2,...,m}{n+l,n+2,...,N}- (5-3) 



Lemma 5.1 



i < m & j < n 
Uj ■ t = I q~ l t ■ tij , i > m & j > n , (5.4) 

otherwise 




■ 



X n t — t{™ 2 ,...,m}{n,n+2,...,N}> ^ n t — 0, H n t — t. 

Proof. The latter three equalities follow directly from the definitions. The commu- 
tation relations ( |5.4Q is well known [ffl; we present the proof for the reader's convenience 
in section 6. □ 



Corollary 5.2 For any polynomial f G C[t] one has: 

f Am Hq-H) ~ f(t) _ 

X+f(t) = { l {l,2,..,m}{n,n+2,...,N} q -l f _ f , J ~ n ; (5.5) 



, j ^ n 



t df(t) 



Hjf(t) = { _t ^T ' J ~ n , X~f{t) = 0, j = l,...,N-l. (5.6) 
, J f n 

Let CfSXjv]^ stand for the localization of C[S'L A r] 9 with respect to the multiplicative 
system t, t 2 , t 3 , . . .. 

C[SLjf]q )t has no zero divisors, its generators are t~ x , Uj, i,j = 1,...,N, and the 
relation list includes all the relations which determine C[SLjsr] q and 

J.-1 . fAm _ 1 _ n 

1 L {l,2,...,m}{n+l,n+2,...,N} 1 — u /g j\ 

4-Am J-—1 _ 1 n \ " / 

t, {l,2,...,m}{n+l,n+2,...,AT} L ± — u 
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Apply the relations ( |5.5| ), ( |5.6| ) to equip C[SL^]q jt with a structure of covariant 
algebra in such a way that the canonical embedding C[SLN] q <^-> C[SXjv] git becomes a 
morphism of [/^stAr-modules: 



, j i^n 



£-1) _ I ? ' if '{i m 2,...,m}{n,ri+2,...,7V} ' * i 3 ~ n 

H J (t- 1 ) = \ t n ' . Xr(r 1 ) = 0, j = l,...,iV-l. 



These rules are well defined, as one can easily see by applying Xf, Hj, j = 1, . . . , N- 



1, to the left hand sides of ( |5.7| ). 

Remark 5.3. One can also extend the structure of U q sl°^ -module algebra in the 
same way. Thus, C[SXjv] 9 ,t becomes a U q sl°^ ® f/qSlAr-module algebra. 

The following results of the present section are essentially due to M. Noumi JT2 
They will be also refined in a subsequent section. 

Introduce the notation J aa — {n + 1, n + 2, . . . , iV} \ {iV + 1 — a} U {a} . 



Proposition 5.4 (c/. jl^/J T/ie map i : ^ i-> • £{i,2,...,m}j aa , a = 1, . . . , m, a = 
l,...,n, admits a unique extension up to an embedding of ' V q sIn -module algebras i : 
C[Mat mn ] g <^-> C[SL N ]g >t . 

Proof. We embed the algebras in question into the vector space (w ■ U q sl^)*, with 
Wo G C[SL N }* being the maximum length element of the quantum Weyl group (see 
Appendix 1). More exactly, we restrict ourselves to the subspace F G (w ■ U q sl?f)* 
generated by U g b- -finite weight vectors 

{f E (w -U q sl N )*\dim(U q b_f) < oo, HJ = fij, &eZ, i = 1,2, . . . , N - 1}, 

with U q b- being the standard Borel subalgebra of U q sljq. F is equipped with a structure 
of [/gStAr-module algebra by the following identities derived from (Al.9): 

(fif2,w = (Rww&(Ofi ® f2,W (g)W ), 

(£/, wov) = (f, tiovO £, v e u q s[ N , f, fi,f 2 e F. 

(Here R^w is the linear operator in F <g> F determined by the universal R-matrix (see 
Appendix 1)). 

By a virtue of (Al.9), there exists an embedding of covariant algebras C[SL^] q F. 
It is worthwhile to note that the element t G F is invertible. (The proof of invertibil- 
ity requires some additional constructions. Given weight vector / in a ?7 g slAr-module 
C[SL N ] q , the sequence Ck(f) = (ft k ,w ) satisfies a difference equation of order one 
derived from (Al.9): 

(ft k , w ) = (RcisL^asL^ift^ 1 ®t),w ®w ), keN. 
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That is, by a virtue of (Al.6), 



(ft k , w ) = (g-T« (/t*~l g, t ), ^ ® fc G N. 

This allows one to extend the linear functional wo from Cf^-L^g onto C[SI/N]q,t- We 
shall use in the sequel exactly this extension, together with the following pairing of 
C[SL N ] q>t and w UgSl N : 

</^oO = (Zf,wo), £ e / e C[SX*] g)t . 

Its non-degeneracy follows from the fact that its restriction onto C[SXjv] x w U q slN is 
non-degenerate. In fact, if (/, Wo0 = for all £ G U q sIn, then (/ • P,w ^) = since 
(/ ■ **,tf?of) = (i2c[5L^] g> tC[S'L N ], I t A (0(/ ® w ® Wo)- Thus we get an embedding 
C[SL N ] qit <^-> (wo^sIat)*. What remains is to note that the image of t _1 under this 
embedding is in F.) 

Consider the onto linear map j : woU g slN — > V-(0), j : u>o£ l— ► S(^,)v-(0), £ G £7 sIat, 
with V-(0) being the generator of the C/ g s[jv-module V-(0) dual to C[Mat mn ] g (see |19|). 
It is easy to prove that the adjoint linear map j* : C[Mat mn ] F is an embedding 
of C/gSl/v-module algebras. Let us agree not to distinguish between the U q slN-module 
algebras C[Mat mn ] g , C[SL N ] q)t and their images under the above embedding into F. 
In view of propositions |2~T| , |2~2| , it suffices to prove that t~ l t^i^ ) ... >m ,}j aa G C[Mat mn ] , 
a = 1, 2, . . . , m, a = 1, 2, . . . , n. For that, we need only to establish that t~Hii t 2 m }j aa 
are orthogonal to the kernel of j with respect to the above pairing. This kind of 
orthogonality follows from 

((Kf 1 - 1) ® i)t-H {lt2 _ m}Jaa = (Fj ® i)rt {1)2 ,... )m}Jaa = 0, 

(Ei ® l)t-H {lj2> ..., m}Jaa =0, j = 1, 2, . . . , N - 1, z = 1, 2, . . . , n - 1, n + 1, . . . , N, 

in view of the definitions of the L/gSlTv-module V-(0) and Wq. □ 

Let us agree not to distinguish the elements of C[Mat mn ] G and their images under 
the embedding i : C[Mat m „] C[SL N ] qtt . 



Lemma 5.5 For all 1 < a < b < n, 1 < a < (3 < m, 

f- 1 . f . . _ ~a 3 _ 3 a 

1 h {l,2,...,m}{a,b,...,N+l-l3,...,N+l-a,...,N} ^a^b H^aH ■ 



Proof. In the same way as in the proof of proposition |5.4|, one can establish that 
t' 1 ■ i {li2 ,..., m }{a,b,...,AqT=/3,...,Af+r= Q ,..,v} G C[M&t mn ] q C F. What remains is to express 
this element in terms of the generators of C[Mat mn ] . It is a weight vector of the 
t/gSl/v-module C[Mat mn ] . A computation of the weight yields 

1 L {l,2,...,m}{a,b,...,N+l-8,...,N+l-a,...,N} la b ' 2 a b ' 

with ci, C2 being the elements of the ground field C(g 1 / S ). When computing the con- 
stants Ci, C2, one can restrict oneself to the special case m = n = 2 by passing from the 
algebra C[<SXjv] 9 ,t to the corresponding factor algebra. In the special case m = n = 2 
the result in question is accessible via a direct calculation |I2|. □ 
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Corollary 5.6 



— q 1 l 2 z™z" , a 7^ n & a ^ m 
,Y+,;; = { -q-^^f , a = n & a = m 
—z™z" , otherwise 



'n a 



The latter relation, together with proposition 2.1 and the relations 



I 1 / 2 , a = n k, 
, otherwise 



a = m 



2z^ , a = n & a = m 
H n z2 = \ z% , a = n & a ^ m or a ^ n & a = m 
, otherwise 



describe the action of U q sl^ in C[Mat 



mnjq ■ 



6 The quantum principal homogeneous space 

In the case q = 1 the matrix ball U as a homogeneous space of the group SU mn is 
isomorphic to S{U n x U m ) \ SU mn . A straightforward generalization of this statement is 
derived via a replacement of S(U n x U m ) \ SU mn by S{U n x U m )\X, with X being some 
principal homogeneous space of the group SU mn . We construct a quantunij)rincipal 
homogeneous space in such a way that the isomorphism U ~ S(U n x U m ) \ X is valid 
in the quantum case. 

Consider the element w G C[SL N }* of the quantum Weyl group (see Appendix 
1). It follows from the invertibility of this element that the pairing of C[SL^] q and 
WoUgSln is non-degenerate, and hence there exists a unique antilinear operator * in 
C[SLm] q such that 

(AtfoO = (f,w (S(OY) (6-1) 
for a\\ f E C[SL N } q , £ <E U q su mn . 

Proposition 6.1 The map * is an antilinear involution: 

r = f, (hhT = fZfl /, h, h e C[SL N ] q . (6.2) 

Proof. It follows from the well known properties of a universal R- matrix (see 
and the definition of involution * that 

R*®* = R 2U S®S{R) = R, (6.3) 

with R 2 \ is derivable from R via a displacement of tensor multiples. The second one of 
the identities (|6.2j ) follows from the relations (Al.9) and (|6.3|) , and the first one follows 
from (S((S £)*))* = £, which is valid for all ^ G f/ g su mn . □ 
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Evidently, Q is valid for the *-algebra Po\(X) q = (C[SL N } q , *) . That is, Pol(X) q 
is a covariant *-algebra. We call it the polynomial algebra omthe quantum principal 
homogeneous space . (In the classical case g — ^ 1 one has X = woSU mn C SLn-) 
We are to produce an explicit formula for i,j = 1,...,N. Let us consider the 
covector representation 7Ttv-i of U q sIn defined in the base v l ,v 2 ,...v N by the formulae 
from section 2. In the next lemma we express all the matrix elements t'^ G C[SL,N] q of 

TTjV-1 



in terms of generators t 



Lemma 6.2 For all i,j — l,...,N, 

= detqTvf, with i! = N + 1 - i, f = N + 1 - j. 



Proof. Let L be the linear span of t'^ G C[SLn] q - Evidently, L is a simple U q sf N w 
U q s Iat- module, and the map t\- \— > det g Tjy, i, j = 1, . . . , N, admits an extension up to 
an endomorphism (p of this simple module. Hence, (p = const ■ 1. On the other hand, 
(tij, 1) = (t'tj, 1) = dij. Thus we have (t' NN , 1) = (det q T N , N >, 1) = 1, and so <p — 1 and 
t\j = detgTiiji for alH, j = 1, . . . , N. □ 

Compare the matrices of the operators ti^wq) and 7r A f_ 1 (w ). 

Lemma 6.3 For all i, j = 1, . . . , N , 

(ty, w ) = (t'ijiWo) = const • (-g)~ l ■ S i+j>N+1 , (6.4) 
with const being an element of the ground field independent of i, j. 

Proof. In the case N = 2 the desired statement is well known [22, |9|. The general 



case is reducible to this one via (ALIO), (Al.ll) and the following reduced decompo- 
sitions of the full permutation w = (A, N — 1, . . . , 2, 1) G S^: 

W = S A r_i(s A r_ 2 S Ar _ 1 ) . . . (sxS 2 . . . SjV-i) = Si(s 2 Sl) • • • (SjV-lSjV-2 • • • Si). 

(Note that for any orthogonal basis {Ik}k=i in the Cartan subalgebra one has 

^ ( E TTT\) = const ' • J > ^-i ( E TTT\) = const " ' J ' 

I 2 

with / being the identity operator. This is because the element ^ - — - — - is an invari- 

k \hjk) 

ant of the Weyl group action. That is, by a slight misuse of the notation, 

j2 j2 

E TT^TT ) = const ' ' 6 V> (4'' E TTTt) = const " • 6 *r 

In this setting const' = const" since = (ty, £ G U q s\.^, i,j = 1, . . . , N, 

with uj : UqSlN — > U q slN being the automorphism given by ^(Kf 1 ) = K N \p u(Ej) = 
Ejsr-j, oj(Fj) = F N _j.) ' ■ □ 
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Lemma 6.4 

1) There exists a unique antilinear involution # in C[SXjv] g such that for all f G 

C[SLN]q, £ G U q SU nm , 

(f#,0 = (f,(S(Z))*)- 

2) For all i, j = 1, . ..,N, 

t* = sign ({n - i + ^)(n - j + ^)) (-g^Met^, (6.5) 

Proof. The desired statement is a well known fact in quantum group theory. It 
follows from the results of [13] where the involution ( |6.5p was initially considered. (It 

was also noted in this paper that the *-algebra C[SU nm ] q = f (C[ J S , Ljv] g , #) is a Hopf 
*-algebra.) □ 

Proposition 6.5 For all i,j = l,...,N, 

t* 3 = sign [{i-m- -){n - j + -)) (-^"'det^-. (6.6) 

Proof. The pairing considered above is non-degenerate and allows one to embed 
UgSljy into C[SL N ]*. Let L be the antirepresentation of C[SL N }* in the space C[SL N ] g 
given by 

(L(0lv) = (f,tiv), feC[SL N } q , £, v eC[SL N ] q . 
Now compare the definitions for involutions * and # to get 

= L^ 1 ) • (L(^ )^) # , '•./ 1 V. 

On the other hand, it follows from lemma |0| that 

L{w Q )tij = const • (-q^Y ■ t N+1 ^ itj , 

and, by a virtue of lemmas |6.2|, 



t* = sign ({n - % + ^){n -j + -jj (-q) J l t' N+1 ^ N+1 ^- 

Hence, 



t\ 3 = const • {-q l yL{w l )t* +1 _ hJ 



const • (-q- l YL(w l ) • sign ( {i - m - -J(n - j + ~) ) (-g)***-*- 1 • ^ 



i,iV+l— j ~ 

q- 1 ) 1 ■ sign [{i-m- -){n - j + i)) (-g)^- 1 ■ (-g)^ 1 ■ 
What remains is to apply lemma |6.2|. □ 
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We use in the sequel the results of Ya. Soibelman concerning the quantum group 
SUn 0' E3- R eimn d the definitions. 

Equip the Hopf algebras U q sIn and C[SLn} q with antilinear involutions given by 

{Kf l y = Kf\ E* = KjFj, F* = E j K~\ j = l,...,N-l, 



<f, = (f, (5(0)*>, / e C[SL N ] q , £ e U qS l N . 

The associated Hopf *-algebras are denoted by 

U q su N = (U q sl N ,*), C[SU N ] q = (C[SL N ] q ,*). 



Similarly to ( |6.5| ), (|S.6p, one has 

= (-g)^det,% (6.7) 

together with the following 

Lemma 6.6 For aZZ k — 1, . . . , N — 1, 

f+Ak \* _ I _\k(JV-k) ,A(N—k) 

\ l {l,...,k}{N-k+l,...,N}) —\ H) ■ l {k+l,...,N}{l,...,N-k}- 

Introduce the notation t = ^i m 2 ,... im}{n+ i, n+2 ,... !jV }, x = (-q) mn ■ t^ 2 ^ m}{jl+ljn+2 ^ N y 
t{m+i m+2 n}{i 2 n> f° r the elements of a crucial importance in the function theory in 



quantum matrix ball. Note that in view of (|6.6| ) one has x = tt* 
Lemma 6.7 

i <m & j '< n 
tij ■ t — ^ q~H ■ Uj , i > m & j > n , (6.8) 

otherwise 




, i < m & j < n 
■ t* = I q~H* - Uj , i > m & j > n . (6.9) 



ij , otherwise 



Proof. ( S.8|) can be easily verified in the special case i G {m,m + 1}, j e {n, n + 1}. 



The biinvariance of t 

(1 ® £?i)t = (1 ® Fi)t = (Ej <g> l)t = (Fj ® l)t = 0, i^ n , j 

allows one to reduce the general case to the above special case via an application of the 
operators 

l®Ei, l®F i} iy^n; Ej®1, Fj®!, j^m 



to each side of (6.8). A similar argument proves also ( |6.9| ). □ 



Now lemmas 5.6, |6.7| imply 
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Corollary 6.8 x = tt* = t*t, and for every polynomial f G C[x], 

!f{q 2 x)t i:j , i <m & j < n 
f(q- 2 x)t i:j , i> m k j > n . (6.10) 
f(x)Uj , otherwise 



Proposition 6.9 For every polynomial f G C[x], 

*+/(*) = «*) " f %-tZ f x iX) > (6-H) 

X-f(x) = fiq ~y - f{x) ■ (X-x). (6.12) 
q z x — x 

Proof. It follows from the explicit formulae which define the action of the operators 
X^, H n on the genrators Uj of C[SL]y} q and the covariance of the latter algebra that 

X-n X = q ^ ( — q) ' t{™2,...,m}{n,n+2,...,N} ' t{m+l,m+2,...,N}{l,2,...,n}> (6.13) 
X n X = q 2 (~q) ' t{l,2,...,m}{n+l,n+2,...,N} ' ^{m+l,m+2,...,N}{l,2,...,n-l,n+l}- (6.14) 

It follows from (|Qf ), (1613]) , §J§ that 

(X+x) -x = q 2 x- (X+x), (X~x) ■ x = q~ 2 x ■ (X~x). 

Hence, ( 6.11| ), ( |6.12|) are valid for all monomials f = x h , k G Z + . □ 

Let Pol(X) q x stand for a localization of the integral domain Pol(X) g with respect 
to the multiplicative system Ob >j Ob >j Ob 3 , . . .. An involution in Po^X)^ is imposed in a 
natural way: (a; -1 )* = x~ x . 

Apply ( |6.11|) , ( |6.12|) to equip Pol(X) ?rJ , with a structure of ?7 ? su nm -module algebra 
in such a way that the canonical embedding Pol(X) g ~Po\(X) q ^ x becomes a morphism 
of ?7 g su nm -modules: 



HAx- 1 ) = 0, X+(x 



-q 2 {X^x)x 2 , j = n 



3K » ' J v 7 | , j ^ n ' 

1 \ > J r n 

This structure of [/^stAr-module algebra is well defined, as one can easily verify just as for 
a similar statement in the previous section. The relation (£/)* = (S(£))*f*, £ G UgSlw, 
is valid both for / = x~ x and / G Pol(X) 9 . Hence it is valid for all / G ~Po\(X) qtX . 
Just as in remark 5.3, note that ¥o\(X) qx is a U q sf^ ® {7 g s[/v-module algebra. 
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Proposition 6.10 The map 



l:z:^t-H {1 , 2 _ m}Jaa (6.15) 

with J aa = {n + 1, n + 2, . . . , N} \ {N + 1 — a} U {a}, is uniquely extendable up to an 
embedding of U q su nm -module *-algebras X : Pol(Mat mn ) g <^-> Pol(X) gjX . 



Proof. The uniqueness of the embedding X follows from proposition |2]^. Prove 
its existence. Consider the embedding of L^s^-module algebras i : C[Mat mn ] 9 <^-> 
C[SL N } q;t (see section 5) and a similar embedding i : C[Mat mn ] g C[SL/v] 9 ,t* 



i/ = (if*)*, f G C[Mat 



mn\q- 



(We use the embeddings C[Mat mn ] 9 C Pol(Mat mri ) g , C[SL N ] q j C Pol(X) 9jX .) 

Let X be such a linear operator X : Pol(Mat mn ) g — > Po\(X) qjX that X :/_•/+ i—> 
i(/_) • i(f+), /- G C[Mat mn ] g , /+ G C[Mat mn ] g . By our construction, X is a morphism 
of [/qSUrcm-modules and satisfies ( |6.15| ). Prove that it is a homomorphism of *-algebras. 
It suffices to show that (in the notation of section 4) 

for all a, b — 1, 2, . . . , n; a, /3 = 1, 2, . . . , m. For that, it suffices to establish 

I{(4Y)t*.1*I(£) = g const ^ fc mP^C[5L JV ] 9 ,,c [ 5L ivkt (X((^)*)^ ®t fc X(^)), 

with j, fceZ, and const being determined by the equation ifo <8> Ho(t ® £*) = const ■ 
(ifo, -f^o) ■ t ®t*. We may restrict ourselves to the special case j, k G N since 

is a Laurent polynomial of g fc//s , g- ?/ ' s . In the above special case l((z%)*)t*i, t k T(z a a ), 
a,b — 1,2, ... ,n, a, (3 = 1,2, ... ,m, are the matrix elements of finite dimensional repre- 
sentations of U q sl]sf- What remains is to apply the well known |4j] R-matrix commutation 
relations between those matrix elements, (Al.6), and the relations (Fi ® l)(t k I(z")) = 
(Ei ® 1)(T((4)*W = 0, a,b = 1,2, ... ,n, a, @ = 1,2, ... ,m,i ^ m. 

So we need only to prove the injectivity of the homomorphism X via passage to the 
'improper specialization q = V and observing that the corresponding homomorphism 
in the case q = 1 is injective (see the proof of proposition |2.2j where a similar well 
known argument was used). □ 

To conclude, extend the embedding C[SL N ] q ■— > (w U q slN)* initially constructed 
in the proof of proposition |5~4] , up to an embedding Pol(X) qyX (w U g slisr)* . One 
can verify in the same way as in section 5 that for every weight vector / £ Po\(X) qtX , 
the numbers Cjk = (t*i ft k ,w ), j,k G Z + , satisfy the system of order one difference 
equations 

(t* j ft k , w ) = (q~TH^)t* <g> t<i-Vft k , w ® w ) 
(t* j ft k , wq) = (q'Tx^t^ft 1 *- 1 ® t, wo <g> w ) 
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Extend the linear functional wq onto Pol(X) qx via the above system of difference equa- 
tions and set up (f,WoO — (£f,Wo), £ £ U q sl^, f G Pol(X) g>x (see the proof of 
proposition 5.4). 

A non-degenerate pairing supplies an embedding Po\(X) qtX (w U q slN)* ■ Accord- 
ing to an approach of V. Drinfeld, we use the term 'function on a quantum group' 
to denote the linear functions on U q sl^ (more exactly, on U^sl^, see 0). The ba- 
sic distinction of our approach to construction of algebras of functions on quantum 
homogeneous spaces is in replacing the space U q sl^ with w U q slN- 



7 Algebras of finite functions 

From now on we assume that < q < 1 and use C as a ground field. We also keep the 
above notation for the Hopf algebras and covariant algebras involved, together with 
their descriptions in terms of generators and relations. 

Among the principal tools in harmonic analysis, one should mention the algebra of 
finite functions and the _L 2 space being its completion. Now turn to a construction of 
covariant *-algebra D(X) q of finite functions on the quantum principal homogeneous 
space X. 

We refer to Appendix 2 for a construction of a ^representation II of Po\(X) q with 
II(x) 7^ and specll(x) = q~ 2I, + . For a function / on q~~ 2Z + with a finite support, a 
bounded linear operator f(U(x)) is well defined. Our immediate intention is to add the 
elements of the form f(x), supp/(a;) C g~ 2Z+ , to Pol(X) q . 

Consider the algebra of polynomial functions and the algebra of functions with 
finite support inside g 2Z ; let F stand for their sum. Note that F admits the involution 
f(x) i ► f(x). _ 

Consider the C[x]-bimodules Po\(X) q , F, and form their tensor product T = 
Pol(X) q ®c\x] IF- O ne can deduce from ( |6.10|) that there exists a canonical isomor- 



phism T ~ F ®<c\x\ Pol(X) 5 . This isomorphism, together with the multiplication laws 

Pol(X)® 2 -> Pol(X) 9 , F ® F -> F, 
is used to equip T with such structure of *-algebra that the embeddings 

Po\(X) q ^F, F^F. 
are homomorphisms of algebras. 

Proposition 7.1 There exists a unique extension of the structure of covariant *- 
algebra from Pol(X) q onto T such that for any function f 6 J-, (\6.11\) and ( \6.13j ) 
are valid. 

Proof. The uniqueness of the extension is obvious. The existence is due to the fact 
that for any function / e T and any finite subset M C q 2Z , there exists a polynomial 
ip G C[x] with f(x) = tfj(x) for all x G M. □ 
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Proposition 7.2 Let J be the bilateral ideal in T generated by such elements / G F 
that supp/(x) C q m . Then J is a submodule of the U q su nm -module T . 



Proof. It suffices to apply ( JB.ll ) , (6.12), and the relations Xj f(x) = for j ^ 



71, 

Hif(x) = for i = 1, . . . , N - 1. □ 

Corollary 7.3 The quotient algebra T j J is a covariant *-algebra. 

Remark 7.4. The algebra of functions f(x) with finite support supp/ C q~ 2Z+ 
is obviously embedded into J-/J. Among the above functions, a principal position is 
occupied by the function 

This element of T j J is denoted in the sequel by fo- The next proposition is a straight- 
forward consequence of our definitions. 

Proposition 7.5 In T/J, the following relations are valid: 

tijfo = for i > m & j > n, (7.1) 
f tij = for i < m & j < n, (7.2) 
Ujfo — fotij f° r i > m Sz j < n or i < m & j > n, (7.3) 
xfo = fox = fo, fo = fo — fo- 

(fo can be treated as a q-analogue of the delta-function 5(x — 1) on X). 
One can use ( |6.11D - ( pM4| ) to deduce 



Proposition 7.6 In the covariant *-algebra T j J one has 

K n l fo = fo, 

3/2 

771 £ J jAm + * r 

^nJO — ^ _ ^ 2 L {l,2,...,rn}{n,n+2,...,N} b JO, 



3/2 



F n fo ~ - 2 _ 1 /0* (t{[ 



Am 

2,...,m}{n,n+2,...,N}) ? 



while for j ^ n 



Q 

Kff = f , E 3 f = Fjfo = 
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Consider a covariant *-algebra Fun(X) 9 C T j J , generated by {tyli^i,...,^ and / -Q 
Replace in the above observations the ring of polynomials C[x] with the ring C[x,x _1 ] 
to get a covariant *-algebra Fwa(X) q ^ x D Fwa(X) q . 

The term 'finite functions' is reserved for the elements of the bilateral ideal D(X) q 
of Fun(X) g generated by fo. It is evident that 

Fun(X) 9 = Pol(X) q + D(X) q , Fun(X) q<x = Pol(X) q>x + D(X) q , 

and Fun(X)q, Fun(X) gx , D(X) q are covariant *-algebras. 

Define a covariant *-algebra Fun(U) 9 by its generators fo, 
1, . . . , m, and the relations (motivated by the relations in Fun(X) q ). The list of relations 
that determine Fun(U) g includes all the relations of Pol(Mat mn ) 9 , and additionally 

/o = /o 2 = /o*> «)Vo = /o«) = 0, a=l,...,n, a = l,...,m. 
The structure of a covariant *-algebra is imposed by 

gl/2 m gl/2 

1 — q z q z — 1 

(Kf - l)/ = Ejfo = Frfo = for j/m. 

(To verify the correctness of the latter definition, one has to apply corollary |5.6| and the 
fact that z™ quasi-commutes with (z%)* for (a, a) ^ (n, m).) Of course, the bilateral 
ideal D(U) q C Fun(U) g generated by / , is a covariant *-algebra. 
Evidently, the map 



i ■ fo *-> fo, i: z*^t H { i, 2 ,...,m}j aa , 



m 



admits a unique extension up to a homomorphism of covariant *-algebras % : Fun(U) g — > 
Fun(X) gja: . 

Remark 7.7. We have extended the structure of L^s^-module algebra from 
C[SXjv],j onto Fun(X)g ja; . In a similar way, the structure of U q sl°^- module algebra 
admits an extension as well (see section 5), as one can observe from the following 
analogues of (|6TT|) , §J%): 

(H m ® l)f(x) = 0, (X+ ® l)/(x) = /(9 " 2 f ~ /(3:) (X+ ® l)x, 

g ^x — x 

(i^ ® l)/(x) = (AT <g> l)/(z) = for j ^ m. 

Hence 



(H m ® l)/ = 0, (X+ ® l)/ = r/o ■ PC (g) l)x, 



1 

q-~- V 



We do not discuss in the present work whether or not this inclusion is proper. 
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(X- ® l)/ = -—r^l ■ ® l)«)/o- 

Turn to a construction of quantum analogues for homogeneous spaces S(U n x 
U m )\SU nm and (S77„ x SU m )\SU nm . 

Remind that a vector v G V is called an A-invariant if is a module over the Hopf 
algebra A with a counit e and a • i> = e(a) • u for all a G A 

Let f/ g s(g[, m x g[ n ) op C U q sl°^ be the Hopf subalgebra generated by K^ 1 , 
{Kf l ,Ej,Fj}j^ m and U q sl^ ® U q 5l°^ C U q s(gl m x gl n ) op - a Hopf subalgebra gen- 
erated by {Kf 1 , Ej, Fj}j^ m . 

Consider the covariant *-algebra Pol(X) 9 . Denote the subalgebra of its U q s(gl m x 
0[ n ) op -invariants by Pol(X) q , and the subalgebra of U q sl^ ® ?7 g s[° p -invariants by 
Pol(X) q . Evidently, they are covariant *-algebras and 

Pol(X) q = {fe Pol(X) q \ (H m <g> 1)/ = 0}. 

Pol(X) q , Pol(X) 9 substitute the algebras of polynomial functions on the homogeneous 
spaces 

X = S(U m x U n )\X ~ S(U n x U m )\SU nm , 
X = (SU m x SU n )\X~ (SU n x 3U m )\SU nm . 

A replacement of Pol(X) g in the above observations by any of the following covariant 
*-algebras Pol(X) q}X , Fun(X) g , Fwa(X) qtX , D(X) q , allows one to produce the covari- 
ant *-algebras Pol(X) q>x C Pol(X) q>x , Fun(X) 9 C Fun(X) g , Fun(X) q>x C Fun(X) ?iX , 
D(X) q C D(X) q . (In every pair a smaller subalgebra is distinguished from a larger one 
by the equation (H m <g> l)f = 0.) 

Note that the element a; is a U q s(gl m x g[ n ) op -invariant. Therefore the algebras 
Pol(X) qjX C Pol(X) q)X are derivable from Pol(X) 9 C Pol(X) 9 via a localization with 
respect to the multiplicative system x N . 



8 Canonical isomorphism D(u) q ~ D(X) q 

Section 7 contains a construction of a morphism of covariant *-algebras i : Fun(U),j — > 
Fun(X) g a.. Our immediate purpose is to prove its injectivity and to describe the image 
of D(U) q with respect to the embedding into Fxm(X) qtX . 

Proposition 8.1 The least subalgebra in Pol(X) qx which contains x and if, f G 
Pol(Mat mn ) g; is Pol(X) q , x . 

Proof. The least subalgebra of Pol(X) qtX which contains t, t*, t* -1 and if, 
f G Pol(Mat mn ) g , is a {7 9 .sljv- m odule subalgebra. Hence it coincides with Po\(X) qiX 
by a virtue of lemma |8.2| to be proved below. Thus every element ip G Po\(X) q)X 

oo . oo 

can be written in the form ip = J2 if>jP + ipo + J2 4>-jt*^ with coefficients {ipj} < jL_ oc , 
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from a subalgebra F C Pol(X) qjX spanned by x and if, f G Pol(Mat mn ) g . The above 
representation for if) may be treated as an expansion of if) in eigenvectors of K^ 1 ® 1. On 
the other hand, Pol(X) q>x = {/ G Pol(X),, x | {K^®l)f-f = 0}. Thus, ^ G Pol(X)^ 
implies ^ = for all j 7^ 0. That is, ^ G Pol(X) 9i2 implies if) E F. □ 

Lemma 8.2 TTie /easi U q siN -module subalgebra of Pol(X) 9 which contains both 

t{™2,...,rn}{n+l,n+2,...,N} an( ^ ^{m+l,m+2,...,N}{l,2,...,n}' ^ S Pol(X) q . 

Proof. Consider the subalgebra F + C C[SLn]q generated by with i < m. 
Just as in the case q — 1, it has simple U q st^ ® ?7 g 5lAr-isotypical components whose 

generators are t^ ■ {t^^ 2 }{N-i,N}) ' • • • ' (^{^2,...,m}{n+i,n+2,...,AT}) > °i> «2, • • • , «m G Z+. 
(A classical result of theory of invariants is applied here (see, for example, || [24]]), 
together with the fact that the dimensionality of a simple module with highest weight 
A is independent of q G (0, 1] (see [§]])). The above monomials are f/gS [^-invariant if 
and only if ax, a 2 , ■ ■ ■ , a m -i = 0. Hence generators of the [/^slAr-module 

F + = {/ G F + | (Ej ® 1)/ = (Fj ® 1)/ = {Kf 1 ® 1)/ - / = 0, j = 1, . . . ,m - 1} 

^{1*2 m}{n+in+2 jv}) > a m £ Z + . That is, ^/qB^-module algebra F + 
is generated by t^ 2 ^ m}{n+lf}+2 ^ N] . 

Consider the subalgebra F_ C C[SL N ] q generated by tij, i > m, and the subalgebra 
F_ = F_ fl Pol(X) g . Just as in the case of F + , one can prove that £{m+i,m+2,...,7v}{i,2,...,n} 
generates F_ as a t/qStjv-module algebra. What remains is to apply C[SL/N] q = F + -F_, 
Pol(X) g = F + -F_. □ 

Theorem 8.3 i : D(JJ) q — > D(X) q is an isomorphism. 

Proof. Evidently, D(X) q = F+ • /„ • F _. Thus, by proposition O, D(X) q = 



F + ■ fo ■ F_. On the other hand, by a virtue of lemma |3.2| , F + is a subalgebra generated 
by the elements t^™ 2 m -,j, card(J) = m, while F_ is a subalgebra generated by the 
elements t^ +1 m+2 N yj, card( J) = n. Hence, in view of xf = f x = f , one has 

D(X) q = £ + + £ fl(l)/ J , 

j>o j>0 

D(X) 9 = (iC[Mat mn ] ? ) /o (zC[Mat mn ] g ) = zD(U),. 

That is, we have proved that i is onto. To prove its injectivity, introduce a vector space 
H = C[Mat mn ] g • fo C D(U) q , together with a representation O of Fun(U) g in TC, given 
by G(if)) :f^if)f,if)E Fun(U)„ feH. 

Equip 7i with such a sesquilinear form (scalar product) that 

(V'l/o: ^2/0) /o = /oV'sty'i/o, ^1, ^2 e C[Mat mn ] 9 . (8.1) 
This is well defined, as one can see from / • Pol(Mat mn ) g /o = C/q. 
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Lemma 8.4 The scalar product in 7i is positive definite (j and © is a *- 

representation o/Pol(Mat mn ) g in the pre-Hilbert space TC. 

Proof. Remind that the space H. of the ^-representation II (see Appendix 2) is a 
graded vector space: 7i = TCj, and Ho = C • e . For all v G H and all a, a, one has 

j=0 

deg(IlO;» = degv + 1, deg(IL(z£)*v) = degv - 1 



by a virtue of fl6.10|) . Hence, (Jl(if>)e ,e )f = fo^fo for all if) G Pol(Mat mn ) 9 . Thus, 
the map 

j-.n^n, j : e(v)/ >-> n^K ip e c[Mat mn ] 9 

is well defined and intertwines the scalar products. 

Now apply propositions A2.2.3 and |3.1| to conclude that thejnap j is onto. Hence 
j(C[Mat mn ] g fe • f ) = Tik for all k G Z + . On the other hand, dim 7-4 = dimC[Mat mn ] g fc. 
Therefore, j is one-to-one, and the representations G and n are unitarily equivalent. □ 

Remark 8.5. There exists a unique extension of n onto Fun(X) g such that n(/o) 
is the projection onto 7io with kernel Tiu- One can observe from the proof of lemma 

~Q that the representations Q and n = n o i of Fun(U) g are unitarily equivalent. 



Turn back to proving the injectivity of i. By a virtue of remark 8.5, it suffices to 
prove that the homomorphism O : D(JJ) q — > End(7i) is an embedding. The linear map 



m : C[Mat m „] 9 • /„ ® / ■ C[Mat mn } q -> D(U) q , m : /i ® / 2 A/ 2 

is one-to-one, as one can easily deduce via an application of the well known dia- 
mond lemma [||] to producing monomial bases in the vector spaces C[Mat mn ] g ■ / , 
f ■ C[Mat mn ]„ D(U) q . Thus, 



D(U) q ~ (C[Mat mn ] g ■ / ) ® (/o • C[Mat mn ] g ) ~H®H*, 

and the representation O : -D(U) g — > End(7i) reduces to the canonical linear map 
7i ® 7i* — > End(W). What remains is to observe that this map is an embedding. The 
theorem |8.3| is proved. □ 

Remark 8.6. One can easily deduce a description of the image i(D(JJ) q ) in End(7Y). 
Equip H. with a gradation 

oo 

7~£ — © Wjfe, 7Yfc = C[Mat mn ] gi fc • /q, 

fc=0 

and let End(W) / stand for the algebra of finite dimensional finite degree operators in 
H. Since dim 7-^ < oo, k < oo, one has End(7^)/ ~ H <E> 7"T. Hence, O provides a 
'canonical' isomorphism of algebras D(JJ) q — > End(7i)/. 

3 That is, («, w) > for all w ^ 0. 
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Let Pk be the projection in TL onto the homogeneous component TLk = C[Mat mn ] gj fc • 
f Q with kernel C[Mat m „] 9 j ■ fo, and let C[Mat mn ] g k • C[Mat mn ] g ^ be the linear span 

of 

{/+ • /_ G Pol(Mat mn ) 9 | /+ G C[Mat mn ]„ /_ G C[Mat mn ]J. 

Lemma 8.7 For all k, I G Z +; t/ie map 



C[Mat mn ] g , fc • C[Mat m „],,_ ; -> Hom(W,, / i-> P fe e(/)| W! 

zs one-to-one. 

Proof. Both 7-^, are finite dimensional Hilbert spaces. Arguing just as in the 
proof of theorem [O, we get 



C[Mat mn ] gifc ■ C[Mat m7 J g _j ~ C[Mat mn ] gifc <g> C[Mat mn ], _j ~ 



~ C[Mat mn ] 9ifc • /o <g> /o • C[Mat mri ,] 9 ,_, ~ H k ® W,* ^ Hom(W,, W fc ). 
What remains is to use the fact that the resulting linear map 



C[Mat m „] 9 , fc ■ C[Mat mri ,] 9i _ ; ^ Hom(W,, W fc ) 

coincides with the operator described in the statement of this lemma. (In fact, let 
/ = /+/*, /+ e C[Mat mn } q>k , /_ G C[Mat mn ] g , z . Then for all ^+ G C[Mat mn ] ? ,*, 
G C[Mat mn ]q^ one has 

(^ + fo,P k e(f+fl)^-f ) = (V+/o,/+/-V'-/o) = (/rv+Zo/^-Zo) = 



= ((V>+/o, /+/o)/o, (V>-/o, /-/q)/o) = (V+/o, /+/o) • (V>-/o, /-/o). □ 

Proposition 8.8 The homomorphism : Pol(Mat mn ) 9 — ■> End(7i) zs an embedding. 

Proof. Equip the vector space Pol(Mat mn ) g with a bigradation 

00 

Pol(Mat mn ) 3 = C[Mat mn ] gifc • C[Mat mn ] 9 

k,l=0 

(as one can easily verify, this is well defined). We need also a standard partial order 
relation on Z^_: 

(h,h) <(k 2 ,l 2 ) & h<k 2 & h<l 2 . 

Assume that our statement is wrong and ©(/) = for some / G Pol(Mat mn ) g , 
/ 7^ 0. Consider a homogeneous component of / with minimal bidegree (k,l). 
(Such homogeneous component certainly exists, but it is not unique for a given / G 
Pol(Mat mn ) g ). Let Hj = C[Mat mn ] q j ■ f , and P k : 7i — ► be the projection onto 
Hit with kernel TCj. Since /)y is of a minimal bidegree, one has PkQ(fki)\ni = 

-ffc@(/)|wi = 0) /w 7^ 0) which contradicts the statement of lemma IO. □ 
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Corollary 8.9 i) The morphism i : Pol(Mat mn ) g — > Fun(X) qx is an embedding. 

ii) The restriction of II onto the subalgebra Pol(X) gjI . is a faithful * -representation of 

this subalgebra. 

Proof. The first statement follows from the equivalence of G and II = II o i, and 
the faithfulness of G established in proposition |S.8| . 

Now turn to proving the second statement. Suppose that ip G Pol(X) q ^ x and 
II('0) = 0. By proposition |3.1| and the relations ( 6.10|) , there exist such ele- 



M 

ments ipi, ip 2 , ■ ■ ■ £ Pol(Mat mn ) g that ip = J2 i(ipk) x ■ in [|17) an element 

fc=0 

y G Pol(Mat mn ),j is found with the property iy = x~ l . Hence ip = i(^)x M with 
* = E i)ky M ' k - It follows from n(^) = that ffi(^) • (n(x)) A/ = 0. Observe that 

fc=0 v ' 

II(x) is invertible, and so ffi(^) = 0, ^ = 0, ip = 0. □ 

Proposition 8.10 The morphism of covariant algebras i : Fun(U) g — > Fun(X) 9jX is an 
embedding. 

Proof. It was proved before that i is an embedding while restricted onto the 
subalgebras D(IJ) q and Pol(Mat mn ) g . 

Let i{fi + f 2 ) = 0, f\ G D(U) q , f 2 G Pol(Mat mn ) 9 . By a virtue of Remark 8.6, 

M-l M-l 

Q(/i)W C © Hj for some M G N. It follows that Q(f 2 )H C © 7^. Hence 

3=0 j=0 



all the elements of C[Mat mri ] gi _M/2 are in the kernel of G. By proposition |T8 
C[Mat mn ]g 5 _A//2 = 0. We claim this implies / 2 = 0. In fact, the invertibility of the 
linear maps Rjju, Ryy for all q G (0, 1) allows one to apply diamond lemma to prove 
that 

oo 

Pol(Mat mn ) 9 = C[Mat mn ], -i ■ C[Mat TO „] 9ifc , 

k,l=0 

via producing bases of lexicographically ordered monomials in each of the sub- 
spaces C[Mat m „]g 5 _;, C[Mat mn ] gj fc. If ip is the first (lowest) element of such basis in 
C[Mat mn ]g 5 „M, then obviously ipf 2 = implies f 2 = 0. □ 

9 An invariant integral 

Consider the Hopf subalgebra U q p + C U q slN generated by K^ 1 , E ni and Kp 1 , Ej, Fj, 

l/2 

j 7^ n. By a virtue of the relation E n f = — jp^/o from section 7, one has 
Proposition 9.1 7i is a U q p + -submodule of the U q p + -module D(U) q . 
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Let T stand for the associated representation of U q p+ in H. 

We use in what follows the standard scalar product in the Cartan subalgebra f): 

f 2 , i=j 
(H i ,H j ) = l -1 , \i-j\ = l 
[ , otherwise 

and the element pel] given by (p, Hi) = 1, i = 1, . . . , iV — 1. 

Theorem 9.2 The linear functional 

v : D(V) q - C, / /*/ = tr(9(/)r(e^)) 

is well defined, UqSi^ -invariant and positive^. 

Proof. One can deduce that v is well defined and positive from the results of 
section 8 since TC is a pre-Hilbert space, the ^-representation is faithful, and 0(/), 
/ G D(J]) q , are finite dimensional finite degree operators. The proof of [/gStAr-invariance 
of v is just the same as that in the special case m — n — 1 fl5|j . 

Specifically, by a virtue of (|4.1|) for F = D(U) q , UqSljq- invar iance of this integral 



follows from its £/ (? p + -invariance and its realness: / f*dv = J fdu, f G D(JJ) q . So 

v q v q 

what remains is to prove the £/qp + -invariance of the integral we deal with. It follows 
from the covariance of D(U) q that the linear map D(U) q ® Ti ^ Ti, / ® i> i— > fv, 
f G D(U) q , v G TC, is a morphism of t/ g p + -modules. Hence the associated linear map 



D(U) q — > TC ® TC* is also a morphism of ?7 g p + -modules (see |L5], proposition 1.2]). So 
one needs to use the fact that the square of the antipode S is an inner automorphism 
S 2 (0 = ■ £ ■ e~ h P, £ G UgSlN, and to apply the general argument given below (it is 
well known from the theory of Hopf algebras ||]) to the f/ 9 p + -module TC. 

Let A be a Hopf algebra and T its representation in a vector space V. Then V, V*, 
V**, . . . are A-modules, while the standard embedding i : V V™*, is not in general 
a morphism of A-modules (unless S 12 = id). Let u & Abe such that S* 2 ^) = u • £ • u~ l 
for all (6 A Then the embedding i\ = ioT(u) : V V^** is a morphism of A-modules 
since i S 2 (£)v = £i v for all v G V, £ G A. 

We observe that the composition of the linear map zi ® id : V <8> V^* — > V** (g> V* 
and the canonical pairing V** ® V* — > C is a morphism of A-modules, i.e. an invariant 
integral . This invariant integral can be written in the form tr q (A) = tx(AT(u)), A G 
V ® V* C Endc(V^) via an application of the canonical embedding V ® V* Endc(V). 
□ 



To conclude, we apply theorem \).'2\ for producing a positive invariant integral on 
the quantum principal homogeneous space. 

A passage from functions on X to functions on X could be done via averaging with 
respect to an action of the compact group S{U m x U n ). We do this in the quantum 
case. 



'Positive in the sense that J fdv > for all non-zero non-negative elements of the *-algebra D(V) q 
U 
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Consider the bilateral ideal J C C[SXjv]g generated by t^i with k < m & I > m 
or k > m & I <m, and the canonical onto morphism 

j : C[SL N ] q -> C[S(GL m x GL ft )]„ 

with C[S(GL m x GL n )] g = CfSXArj^/J. Introduce the notation 

C[S(U m x U n )] q = (C[S(GL m x G£ n )] ff ,*) 

for the 'algebra of regular functions on the compact quantum group S{U m x U n ) q 0. 

Lemma 9.3 The composition A of homomorphisms A : C[SL^] q — > C[S'Ljv] 9 <g> 
C[SXjv] 9 , j ® id : CfS'Ljv], <8> C[SLjv] g -> C[S(GL m x GL n )] g ® C[SXjv] 9 «s a fco- 
momorphism of *- algebras A : Pol(X) 9 — ► C[5'(Z7 m x C/^)]^ ® Pol(X) g . 

Proof. By the definition of involution in the *-algebra C[SUN] q , j <8> id(A) is a 
homomorphism of *-algebras C[SU]si\q — > <C[S(U m x U n )} q ® C[SU^] g . What remains is 
to apply the relations ( |6.6|) , (|6.7|) . □ 

Extend A up to a homomorphism of *-algebras A : Fun(X) q — > C[S(U m x U n )] q ® 
Fun(X) g via A/ = 1 <8> /q- (The existence and uniqueness of such extension follows 
from the definitions of /o and the *-algebra Fun(X) g ). 

Let Jx : C[5'(Z7 m x U n )] q — > C be the invariant integral on the 'compact quantum 

group 5(t/" m x Z7 n ) g ' normalized by / lrf/i = 10, and v : D(X) q — > C an 

S(U m xU n ) 9 

invariant integral transferred from v : D(JJ) q — ► C, / /df = tr(0(/)r(e^)) via the 
canonical isomorphism -D(U) 9 ~ D(X) q . 

Proposition 9.4 TTie linear functional [fx ® i?)A : D(X) q —>■ C is positive and U q slN- 
invariant. 

Proof. The scalar product (/i,/ 2 ) = p, ® z?(/ 2 */i) in C[5(f/ m x C/„)] g ® D(X), is 
positive definite, as one can see from theorem |9.2| and the orthogonality relations for 
a compact quantum group (3J. Hence // (g> v(f*f) > for / 7^ 0, and the positivity 
of the linear functional (ju ® z/)A now follows from the injectivity of A : D(X) q — > 
C[S , (f/ m x C/ n )] g ®Z)pf ) g . The ?7g5[Ar-invariance follows from the fact that the 'averaging 
operator' (p, <S> id)AD(X) g — > D(X) q is a morphism of {7 g sIjv-modules. □ 



5 It is easy to prove that J* C J. For example, obviously, t 1JV £ J, tjvj € J, and for other generators of J 
the covariance argument is applicable. 
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10 Concluding notes 



A number of commutation relations obtained in sections 1-6 are known within a dif- 
ferent approach to function theory on quantum complex manifolds M . The conceptual 
equivalence of both approaches is due to the isomorphism of quantum homogeneous 
spaces U and X (see section 8). 

There is a wide class of quantum homogeneous spaces for which our explicit 
formula for invariant integral is plausible. All the related co variant algebras are 
derivable via a factorization from the quantum universal enveloping algebra U q slN 
equipped with the adjoint action [[|. As one can observe already in the case of 
quantum disc (see jn|), the algebras of functions considered in the present work 



are not in the above wide class of covariant algebras, although being derivable from 
those by passage to a limit. That kind of passage to a limit was investigated be- 
fore by Berezin within his approach to quantization of bounded symmetric domains 

SI- 

In the first six sections of the present work, C(g 1 ^ s ) worked as a ground field, with 
s being a natural number whose value was not specified precisely. It follows from the 
subsequent descriptions of the covariant algebras Pol(Mat mn ) g , Fun(A) g (in terms of 
their generators and relations) that the ground field could be chosen to be (TY/t 1 / 2 ^ 



Appendix 1. Universal R-matrix and quantum Weyl group 



The subject of this appendix is to remind some well known results of quantum group 
theory. We follow S. Levendorskii and Ya. Soibelman [10, 11]. A large part of these 



results were independently obtained by A. Kirillov and N. Reshetikhin || ||. A more 
general and rather complete exposition of the background on quantum group theory 



can be found in a remarkable surway of M. Rosso |14 

Consider a reduced decomposition w = ■ s i2 . . . s iu , M = N(N — l)/2, of the 
longest permutation wo = (N, N — 1, . . . , 2, 1) G Sjy. Our purpose is to associate to 
each such reduced decomposition a linear order relation on the set of positive roots of 
the Lie algebra sIn, and then a basis in the vector space U q sljsr. Remind also that the 



simple roots 



N — 1, are given by a>i{Hi) 



N - 1, with 



{dij) being the Cartan matrix ( |2.1| ). We use the following linear order relation on the 
set of positive roots: 



0i 



Oil, 



fa = S h (Oij,) , 03 = S h S i2 (a is ) , 



M 



S lM-l \ a iM i 



The work JT0[ associates to the generators Si, i — 1, . . . , N — 1, of the Weyl group 
the automorphisms Tj of U q slN, which differ inessentially from Lusztig automorphisms 
(see p|,P^|). Note that, in particular, 



T i (K J ) = { KiKj , 



(Al.l) 



otherwise 
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Associate to each simple root ctj the generators E^ F of U q slN- The above map 
defined on the family of simple roots is extendable onto the set of all positive roots: 
Bp* — Tii T i2 ■ ■ -Ti s -i(Ei s ), F/3 s = T h T i2 . . .T^^F^). 

Proposition Al.l. E k \ ■ Ep\ ■ . . . ■ Ep™, (h, k 2 , . . . , k M ) G , constitute a basis in 
the vector space U q yi+; Fl* ■ F^ 2 • . . . • FZ™, (ji,j 2 , • • • , Jm) G ^>+, constitute a basis in 
the vector space t^TL; F* 1 ■ F^ • . . . F*™ ■ ■ ■ . . . ■ K l »H ■ Efc -Ef 2 -...-E^, 
(ki, k 2 , ■ ■ ■ , kja), (ji,32, ■ ■ ■ , Jm) G , (h, ■ ■ ■ , zjv-i) G 7L N ~ X , constitute a basis in 
the vector space U q s\^. 

Let 6 be the antiautomorphism of U q slN, given by 6(Fj) = Fj, 0(F) = E i: 
Q(K^) = K? 1 , i = 1, . . . , N - 1, and let also F ft = 9(F ft ). 

Corollary A1.2. F^ ■ F^ 1 • . . . • F^, (k u ...,k M )e Zf , constitute a basis in the 

vector space tf s 9t_, and f£ ■ • . . . F^ 1 • E» -Eg-.... Ef M • K? • K? • . . . • fffe, 

(fci, fc 2 , . . . , kit), (ji, 32, ■ ■ ■ , Jm) G , «2, • • • , ijv-i) £ Z^ -1 , constitute a basis in 
the vector space U q slN- 

We are about to apply corollary A 1.2 to constructing the bases of the vector spaces 
V_(A). For that, we use the notation of section 2, together with the class of reduced 
decompositions for the element Wq described there. 

Equip UqSljq with the gradation (cf. section 2): deg(F n ) = 1, deg(F„) = — 1, 
degt^fC^ 1 ) = 0; deg(-Ej) = deg(Fj) = deg(A' J ±1 ) = for j ^ n. The automorphisms Tj, 
i 7^ n, preserve this gradation since the latter is determined by the element H defined 
in section 2. Hence 

Ti(U q Sl n <g> UgSlm) = U q Sl n ® U q Sl m , % 7^ 71, 

since T i U q ' ; yi± C U q yi±, and 

U q sl n ® U q sl m n U q W± = G C/ 9 ^±| deg(0 = 0}. (A1.3) 

Impose the notation M' = M — ran = m ^ m ^ — 11 _|_ n ( n ^ — 1) _ f u ows f r0 m (Al.3) 
that deg(F / 3 j ) = for j < M'. Just in the same way as in the case q — 1 one deduces 
that deg(F^) G {-1,0}. Thus deg(F /3j .) = —1 for j > M', and 

M 

deg(F^ . . . F^) = - 2 (^- 4 ) 

j=M'+l 

Now it follows from (A 1.4) that the elements 

KZ pk C:l---^ (h,...,k M ,)ezf, 

constitute a basis in the vector space LL = C/ 9 *Jl_ fl (C/ 9 s(„ <g> U q sl m ), while 

M' 

F&ffiZZl-Ffc* with £%>(), (A1.5) 

j'=i 
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form a basis in U q yi- ■ U-. Therefore, the vectors (Al.5) form a basis in the kernel of 
the linear map UqWl- — > V_(0), £ i— > £t>_(0). Thus the vectors 



^^fc • • • • v -(0), ( ■■-,k M )eZ 
constitute a basis in the vector space V_(0). By a virtue of (Al.4), 

M 

deg(^£T: 1 1 -^-«-(o)) = - E 

Remark A1.3. In section 2 the Hopf algebra Ua C UqSIn was considered over the 
ring A = Cfg 1 / 5 , g _1 / s ]. It follows from the definition of the automorphisms Tj (see ||10|| ) 
that TiU a = Ua for all i ^ n. Hence all the basis vectors (A1.2) of the vector space 
UgSlpj are in the lattice Ua- 

Let Vi, V 2 be f/qStAr-modules satisfying the integrity condition for weights as in 
section 2. Our additional assumption is that either V\ possesses a highest weight or 
V2 possesses a lowest weight. Under a suitable choice of the ground field C(g 1//s ) the 
formula below determines a linear operator Rv 1 ,v 2 m ^1 ® 

i2 = ex P(?2 ((g- 1 - ® F A ) • . . . • exp g2 ((g" 1 - q)E Pu ® F^) g"\ (Al.6) 

00 

with exp 2(14) = E 



mn 
+ ' 



fc=0 ( k )i 2V 

1 — a 



JV-1 

to — S c y^i ® -Hjj an d (cjj)jj=i,...,AT-i being the inverse matrix with respect to the 
«,i=i 

Cartan matrix (aij)i t j = i t ,„ } N-i- 

Now we use the relation ati(Hj) = a,ij, i,j = 1, . . . , N — 1, to get a different descrip- 
tion of to: 

ot.i® aj(t ) = ciij, i,j = 1,...,N- 1. 

Also, an application of the bilinear scalar product {Hi, Hj) = a^, z, j = 1, . . . , N — 1, 
in the Cartan subalgebra, we get the third description of to : 

(t , Hi ® = i, j = 1, ...,iV — 1. 

^ 4 ® 4 

That is, tp — y j for any orthogonal basis of the Cartan subalgebra. 

k=i {h,h) 

Consider the covariant algebra C[SL^] q as in section 5. It is well known that 

C[SL N ] q ~@End(V x )*, (A1.8) 

A 

with V\ being the simple fL/gSt^-modules from the class described in section 2. Hence 
the operator Rc[SL N ] q C[SL N ] q is well defined. 
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We follow V. Drinfeld's approach in denning such wq G C[SLn]* that 

(fx ■ f2,Wo) = (Rc[SL N ] q C[SL N ] q (fl ® f2),w ® u> ) (A1.9) 

for aU/iJaeC^. 

Consider the Hopf algebra C[5'L 2 ] (? . Remind the relation £12^21 — ^21^12- It is well 
known that every element of this algebra admits a unique decomposition as follows 



/ — X! ^22 ' /j(*12j ^21) + fo{ti2, hi) + X! /-i(*i2) ^21) • # 
i=i i=i 

with /j being polynomials in two commuting indeterminates. 
Consider the element s G C[SL 2 }* given by 

s(f) = f (q,-l), feC[SL 2 ] q 



3 

11) 



(it is a q-analogue of the Weyl element 



1 
-1 



Associate to each j — 1, . . . , iV— 1 the onto homomorphism (pj : C[SXjv]g — ► C[5 , L 2 ] g , 



, + or fc^ 0,^ + 1} 

*i-i+i,fc-i+i > otherwise 



Consider a reduced decomposition u> = s^s^ . . . Sj M , M = iV^iV — l)/2, of the 
longest permutation w G S'jv, together with the element 

W = s h s i2 . ..s iM G C[SL N ]* q , (ALIO) 

with Sj — sotpj, j = 1, . . . , JV — Lit is well known that Wq is independent of the choice 
of reduced decomposition. Now we are in a position to define w by 

w =Wq 1 .g-sEkW*.-**), (AL.ll) 

with {ifc}^ 1 being an orthogonal basis of the Cartan subalgebra. (It follows from |Tl| 
that this is well defined and (Al.9) holds.) 

Note that in [[It], [Ll| the 'quantum simple maps' have been used to produce auto- 
morphisms Ti of UqSlN involved into the definition of E^, Fp r Specifically, one has 

m) = si ■ e • si 1 , z e u qS i N , % = 1, . . . , n - 1. 

Hence Tj, i = 1, . . . , N — 1, are extendable by a continuity from the weakly dense 
subalgebra U q siN C CfSXjv]* onto the entire C[S , Lat]* 
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Appendix 2. On some *-representation of Pol(X) q 
§1. The construction of a ^representation fl 

In section 6 C[SLN] q was equipped with involutions * and *. In view of ( |6.6|) , fl6.7|) one 
has 

t* = A 1 (z)A 2 (j)^, i,j — l,...,N, (42.1.1) 

with 

Ai(fc) =sign(fc-m-l/2), A 2 (fc) = sign(n - fc + 1/2). (42.1.2) 

A representation 7r of C[SXjv], in a pre-Hilbert space determines a ^-representation 
of Pol®, if and only if 7r(%)* = Ai(i)A 2 (j>(t*) for all i,j — l,...,N. 

Our purpose is to produce such a ^-representation fj of Pol(X), that n(x) ^ 0. 
The method we apply is well known in quantum group theory [|J. 

Let A' = (A'(l), A'(2), . . . , A'(iV)), A" = (A"(l), A"(2), . . . , \"{N)) be two sequences 
whose entries are ±1. Suppose we are given a representation 7r of C[SXjv], in a pre- 
Hilbert space. 7r is said to be of type (A', A") if 

n(t l3 y = A'(*)A"(j>(t*.). 

(In the special case of the sequences (Ai, A 2 ) determined by (A2.1.2) one has the class 
of all ^-representations of Pol(AT),). 

Proposition A2.1.1. Suppose that the representations it' and it" are of types (A', A") 
and (A", A'") respectively. Then their tensor product it' ® it" is of type (A', A'"). 

Proof. An application of the relation (A"(A;)) 2 = 1 and the fact that the comulti- 
plication A : C[S77jv], — > C[SUn}® 2 is a homomorphism of *-algebras yields 

N N 

(tt' ® n"^))* = y: *\tikY ® *"(t kj y = otto ® = 

k=l k=l 

= A'(0A''W® □ 

Example A2.1.2. In the special case m — n — 1 one has Ai = (—1,1), A 2 = 
(1, —1), t\\ = —t^, *i2 = ^12 j = *2i> ^22 = ~~ *22- Let {ej}j£z+ be such an orthogonal 
basis of a pre-Hilbert space that (eo, eo) = 1, (e^, e 3 -) = (g~ 2 — 1)(<?~ 4 — 1) . . . (<?~ 2j — 1) 
for j G N. The following formulae determine a representation 7r + of type (Ai, A 2 ): 

7r+(ti 2 )e J = g-J'ej, 7r+(t 2 i)ej = -g^'+^ej, ^ x g , 

7T + (t u )e i = e i+1 , 7r+(t 2 2)ej = (1 - q~ 2j )e^i ' 

Example A2.1.3. Let N > 2, k e {1, . . . , A" - 1}, and the pair (A', A") possesses 
the properties: A'(j) = A"(j) for j £ {fc, k + 1}, A'(fc) = -1, \"(k) = 1, A'(fc + 1) = 1, 
A"(A; + 1) = —1. Consider the homomorphism of algebras 



, otherwise 
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It is well known that ipk(f*) = (V'fcC/))* f° r an / e C^Lat]^ On can readily deduce 
from the definitions that the representation 7r + o ip k of C[SXjv] 9 is of type (A', A"). 

Now turn to a construction of a ^representation f\ of Pol(X) g , that is, a represen- 
tation of C[SXjv] g of type (Ai,A 2 ). 
Consider the element 

/ 1 2 ... m m + l m + 2 ... AT\ 
v n+ 1 ra + 2 ... AT 1 2 ... n) 

of the symmetric group Sjv, together with its reduced decomposition a± ■ <r 2 ■ . . . • cr mn . 
Let s — e, Si — cri, s 2 — (J\ • o<i, ■ ■ ., s mn — <j\ • <r 2 • ■ ■ ■ • cr mn . Our construction involves 
the sequence given by 

A (j) = (A 2 (s mn _i(l)), A 2 (s mn -i(2)), • • • , A 2 (s mn _ j (iV))) . 

Evidently, A< > = A 1; A( mn ) = A 2 , and the sequences in each pair (A^\ A^ +1 )), 
j = 1, . . . ,mn — 1, differ only by a permutation of some two neighbour terms +1, 
— 1. Just as in Example A2.1.3, construct representations of types (A^\ A^ +1 ^). Their 
tensor product is of type (A l5 A 2 ) due to proposition A2.1.1. Hence this tensor product 
fl is a ^representation of Pol(X) q . 

We are interested in considering the restriction of fl onto the subalgebra Pol(X) q 
(see section 7). 



§2. A faithful irreducible ^representation of Pol(X) ( 



Lemma A2.2.1. Let v be such a vector in the space of a ^-representation p of Po\(X) q 
that 



An 



{m+l,m+2,...,N}{l 



pit 

P(^+l ,m+2,...,N}J 



,2,...,n}) V = C - V , ceC 5 

)v = 0, J^{l,2,...,n}' 



(A2.2.1) 



Then \c\ = q mn . 

Proof. There is a relation in Pol(X) q between t^ ^yj and £{m+i,m+2,...,jv}j derived 
from det 9 T — 1, T — (^)ij=i,...,Ar, via a q-analogue of the Laplace formula. By a virtue 
of(A2.2.1), 



[l,2,-.,n}) V = V. 



P \ {~q.) t {l,2,...,m}{n+l,n+2,...,N} ' L {m+l, m+2,..., TV} {1 

On the other hand, 

— n\ mn (f^ n V 
H) \ L {m+l,m+2,...,N}{l,2,...,n} J 

P { t {m+l,m+2,...,N}{l,2,...,n}) V = IMP' 
P (*{m+l,m+2,...,JV}{l,2,...,n}) V \\ = ^"""IMI- 



So 

that is, 



L {l,2,...,m}{n+l,n+2,...,N} 



Y 2mn 



□ 
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Impose the notation 

e k = e ki ® e k 2 



e k mn , k ={h, h, k mn ) e Z" 



for basis vectors of the space of ]J. 

Example A2.2.2. Let to = n = 2. It follows from the definitions that 

■02 <8> "03 ® "01 ® 02(*13*24 - 9*14*23) = *12 <E> *12 <E> *12 <E> *12- 

(In fact, 

■02 <8> ^3 ® 01 ® ^2(*13) = 1 <E> 1 <E> *12 ® *12, 
■02 ® ^3 ® "01 ® "02(*24) = *12 <E> *12 <E> 1 <8> 1, 
■02 <E> "03 ® "01 ® foitu) = 0. 

Hence for all k = (hi, k 2 , k 3 , fc 4 ) 

fi(*13*24 - g*14*2 3 )e k = q -(^k 2+ k, +k4 ) e ^ 



(42.2.2) 



It is easy to extend (A2.2.2) onto the case of arbitrary to, n G N. 
Consider the element u — (to + 1, m + 2, . . . , A, 1, 2, . . . , to) G SV, together with its 
reduced decomposition of the form u = 0\a 2 0z . . . o- mn , 



<7fc = TO - 





fife-ll 


"A; - 1 






+ < > n,m — 






n 


I n J 


n 





n+ 1 



(here [•], {•} stand for integral and fractional parts of a real number, respectively). For 
example, in the case m = 2, n = 3, one has u = (3,4,5, 1,2), and the above reduced 
decomposition acquires the form u = (2, 3) (3, 4) (4, 5)(1, 2) (2, 3) (3, 4). 

It is easy to show that n7r| mn o with # : C[SL N ] q -> C[SX 2 ]f mn , * = ® 
■0O-2 ® . . . <E> "0o- mn (we use here the notation from Example (A2. 1.3)). 



Lemma A2.2.2. For all k G V\ 



(42.2.3) 



Proof. Let n be fixed. We use an induction in to to show that for i < m 





*(= tt m ) : i-> < 



1®* 



12 



* 



12 



(m— i)n 



, j > i + n 
1 , j = i + n 



(i-l)n 



In the case m = 1 the statement is evident (since *i(*i, n +i) = fpi <S> ip2 <S> • • ■ 

0n (E*lii <8> *iii 2 ® • • • ® *i n _i,n+l) = 01 ® 02 ® • • • ® 0n(*12 <8> *23 ® • • • ® *n,n+l) 
*12 ® *12 ® • • • ® *12)- 
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Now we are to make the induction passage from (to — 1) to to. Let $ m = tp ai <g> 
^ ® . . . ® ^„ : C[SL N ] q - C[5L 2 ]f , ^ = W n+1 ®^ n+2 ® . . . ® V<w : C[SLjv], - 

C[S , L 2 ]f n(m - 1) , i-e. ^ m = $ m ® 

Obviously, the subalgebra of C[SXtv] ? generated by t^- with i,j < N, is isomorphic 
to C[S , Lat_i] (? . If we agree to identify in what follows C[SLjsr-i]q with this subalgebra, 
one can claim that 

^ m -i(t ij ) = ^' m _ 1 (U j ), (i,j<N). 
Besides that, V^-i^v) = ^m-i(^iVj) = $iN 1 ® 1 ■ ■ ■ 1 - These facts are to be 

(m— l)n 

used in the passage from (to — 1) to to. We start this passage with considering the 
special case of elements of the last column: 

/ n \ N 

^m(ti N ) = $m ® I £ tifc ® t kN = X] $m(*ifc) ® *m-l(ffciv) = 

\fc=l / fe=l 

= $m(*iiv) ® *m-l(fi\w) = $m(W) ® 1® . . .® 1 - 

^^^^^^^^^^^^^^ 

(m— l)n 

In the case i < to it is easily deducible from the definition of $ m that 3> m (£jjv) = 
(the cycle 0\Oi . . . a n — (to, to + l)(m + 1, to + 2) . . . (TV — 1, N) can not send TV to i). 
If i — m, then 

$m(t m Ar) = V'ffi ® ^ 2 ® • • • ® i>a n (tmN) = 
= lp m ® ^ m+1 <g> . . . ® ^7v-l (X! ® tni 2 ® • • • ® *i„_iJv) = 

= V'm ® ® • • • ® V'JV-l^m.m+l ® *m+l,m+2 ® • • • ® t N - ljN ) = t 12 ® t 12 ® . . . ®tl2 ■ 

n 

Thus we have done an induction passage for elements of the last column. What 
remains is to consider the case j < N — 1, i + n < j (note that % + n < N — 1 implies 
2 < to). One has 

and, since ^-i^iVj) = for j < TV, 

JV-l 

*m(*ij) = E $ ™(^) ® *m-l(**i)- (*) 
fc=l 

Consider the element $ m (£jfc): 

$m(*ik) = V^rn ® VWl ® • • • ® ^N-l (j2 % ® *J1J2 ® • • • ® *j„_ifc) • 

Since i < m, one has VVn^in) ^ only for jx = «. Similarly, j 2 = j3 = ■ ■ ■ = k = i. 
Hence, in (*) only one term "survives": 

tfm(tij) = $m(f«)® *m-l(tij)- 
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The induction hypothesis implies ^' m -x{Uj) = for j > i + n, and hence for such i 
and j that ^ m {Uj) = 0. What remains is to consider the case i + n = j. If so, again 
the induction hypothesis yields 

*m-l0ij) = l®l®...®l®ti 2 ®...®*i2®l®l®---®l, 



1. e. 



(to— 1— i)n n (i— l)n 

l®l®...®l®t 12 ®...®tl2®l®l®.. 



(to— 1— i)n n (i— l)n 

® 1 ® ti 2 ® • • • ® *12 ® 1 ® 1 ® ■ ■ ■ ® 1 ■ 



(m—i)n n (i— l)n 

This completes the induction passage. □ 

By a virtue of (A2.2.3) the operator U(x) is invertible, and hence the representation 
II admits a unique extension onto the *-algebra Pol(X) q)X . Let II = II o i be the *- 
representation of Pol(Mat mra )g deduced from the * -homomorphism X : Pol(Mat mri ) g — > 
Po\(X) q x described in section 6. Equip the pre-Hilbert representation space H of II 
and the algebras Pol(X) g , Pol(Mat mn ) g with the gradations: 

oo 

H = H i> H 3 = {vEH\ U(x)v = q~ 2j v}, 

3=0 

{1 , i < in & j < n 

— 1 , i > m & j > n . 

, otherwise 

deg«) = 1, deg«)* = -1 



It follows from the commutation relations (|6.8|) , (|6.9| ) that II allows one to equip 
H with the structure of a graded Pol(X) q -module, and the representation IT with a 
structure of a graded Pol(Mat mn )q-module. 

Proposition A2.2.3. The graded Pol(X) q -module H is simple^ 

Proof. Let L C H be a nontrivial graded submodule. It follows from lemma 
A2.2.2 that the operators TI(t) and Il(t*) are the same. Also, U(x)L C L implies 
U(t)L C L, U(t*)L C L. Hence U(f)L C L for all / G Po\{X) q by lemma 8.2. In 
particular, t$™ 2 m yjL C L for all m-element subsets J C {1,2,..., N}. On the other 

hand, in this case there exists a non-zero vector oel such that f[(t{ m+ i^.^N}i) v = 
for all n-element subsets I C {1,2,..., N} different from {1,2, ... ,n}. By a virtue of 
lemmas A2.2.1 and A2.2.2, the subspace of all such vectors is one-dimensional. Hence, 
v = const ■ eo, eo G L, L = H. A contradiction. □ 

We prove in section 8 that the restriction of n onto Pol(A) g is a faithful represen- 
tation of this subalgebra. 



6 That is, it has no nontrivial graded submodules 
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